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The development of linear models
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distribution?
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start with data plotting, always
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> hist(data, breaks = seq(-0.5, 9.5, 1))
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How to evaluate mean value using R?

> mean(data)
[1] 3.56
> abline(v = mean(data))
Histogram of data
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empirical distribution
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> data.table <- table(factor(data, levels = 0:10))
> cbind(y = data.table, prob = data.table / 50)
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i ] . 4 10 0.20
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0 2 a 6 8 °3 P B ¢ i 1 6 4 0.08

data y
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statistics to represent dispersion
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> var(data)

[11 2.9861

sample standard deviation

000000 O00000ooo0og (SD = vvariance)

Histogram of data
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> sd(data)
[1] 1.7280
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> sqrt(var(data))
[1] 1.7280
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the Poisson distribution
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0 > cbind(y, prob)
Se 00 (N D356 000 y prob
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> # cbind 000000
> cbind(y, prob)
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Mathematical expression of the Poisson distribution
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the Poisson distribution represent data?
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Histogram of data
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> hist(data, seq(-0.5, 8.5, 0.5)) # 00000000ooog
> lines(y, prob, type = "b", 1ty = 2) # 000000000000
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A changes the shape of distribution
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maximum likelihood estimation
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“fitting” = “parameter estimation”
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likelihood L(\) depends on the value of mean, A
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A changes the log likelihood, i.e., goodness of fit
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lanbda = 2.4 o lanbda = 2.8
log L = -121.9 log L = -109.4 log L = -102.0

k. e 3l

1T T 1 T T 1 T T
002 4 6 8 002 4 6 8 02 4 6 8

) lanbda = 3.2 R lanbda = 3.6 9 lanbda = 4.0
log L = -98.2 log L = -97.3 log L = -98.5

s, Ul 340

1
0 2
larbda = 4.8 B

lanbda = 4.4 B lanbda = 5.2

log L = -101.5 log L = -106.0 log L = -111.8
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seek the maximum likelihooq estimate, A
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Generalized Linear Model
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e 00O OMOMO (Poisson regression)
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e O 00 (linear regression)
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body size x and fertilization f change seed number y?

oobooooobbooooobobd

00 e
[ X J
oo 00...
response variable seed number oooo f (]
e JODODO: 000 {y} 000D 000
explanatory variable )
e OO O: T: 0000
body size
°
rthotion {i} 0000 =
e O0ODO {f} ooooooo
goooogoo
sample size ’
ooaod
control
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no one knows “the true \” based on finite size data
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Reading data file
oooooooooood

Q ooooo
data3a.csv 0 CSV (comma data frame d O 00

separated value) format file 00 0 O

> d
ROODOODOOODODOODOOOO:
y x f
1 6 8.31 C
2 6 9.44 C
> d <- read.csv("data3a.csv")
3 6 9.50 C
0000 40000000 data -..oooo...
99 7 10.86 T

frame (J00D00D0)0000

100 9 9.97 T
oo
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> d$x
[1] 8.31 9.44 9.50 9.07 10.16 8.32 10.61 10.06
[9] 9.93 10.43 10.36 10.15 10.92 8.85 9.42 11.11
...0ooog...
[97] 8.52 10.24 10.86 9.97
> d$y
[1] 6 6 61210 4 9 9 911 6 10 6 10 11 8
[17] 3 8 5 5 411 510 6 6 7 9 310 2 9
...oooo...
[07] 6 8 7 9
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data type and class
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> class(d) # d O data.frame OO0

[1] "data.frame"

> class(d$y) # y O0D00OO00O0O integer OO0

[1] "integer"

> class(@$x) # x 000000000 numeric OO0
[1] "numeric"

> class(d$f) # OO0 £ OO factor OODO

[1] "factor"
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data framed OO0 0O0: “O000” OOOO
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> d$f
[fJ]cccccccceccececceccecececcececceccececcecccecceccc
[26] cccccccccecceccececceccececccecceccecceccecceccc
[B1] TTTTTTTTTTTTTTTTTTTTTTTTT
[76] TTTTTTTTTTTTTTTTTTTTTTTTT
Levels: C T

data type: factor levels

gbooooo:-0b0000000bo0oo0ooo

levels

oooocoTO 200

kubo (http://goo.gl/T6c4i) 00ooO0o00ooO (1) 2019-01-21  44/96

pesnnnannnERnnaEnnnan?

data frame 0 summary ()

> summary (d)

DOo0o0oooooooo!

> plot(d$x, d$y, pch = c(21, 19) [d$£])
> legend("topleft", legend = c("C", "T"), pch = c(21, 19))
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y X £
Min. : 2.00 Min. : 7.190 C:50
1st Qu.: 6.00 1st Qu.: 9.428 T:50
Median : 8.00 Median :10.155
Mean : 7.83 Mean :10.089
3rd Qu.:10.00 3rd Qu.:10.685
Max :15.00 Max. :12.400
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> plot(d$f, d$y)
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how to specify GLM
5 GLM OOOODOODOO

probability distribution, linear predictor and link function

coooocoooocooobOooao

00000000 leglinkOOOOOOOOO

kubo (http://goo.gl/76c4i)

oooooooooo (1) 2019-01-21 49 /96

0000000000000 0O0
how to specify linear regression model, a GLM
GLM OOODOOOODOOOODODOoOoOOoOO

goooooono
probability distribution  Gaussian distribution

e 00OD: 0O O O
e J00OD: eg, Bi+ Por;

O000: (00)+ (00) xay
link function identity link function

e JUUUOO:ODLOOOOOO

kubo (http://goo.gl/76c4i)
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DOoDO00D0DO0C0O000OO0O00

GLMODO000DD

how to specify Poisson regression model, a GLM

GLM OODOOOOOOOOOOOOO0O0O00000

odooodoon
probability distribution  P0isson distribution © °f
e [ JUIO:000000 -
linear predictor oo w8
e 0 OO: eg., 61 + BQZCZ' TR T
link function log link function

eJO0OOD:00D0O0DOO

kubo (http://goo.gl/76c4i)

oooooooooo (1) 2019-01-21 53 /96

D0U00000000OODO0

GLMOOOOOOOO

how to specify GLM
ooooooooonon

Generalized Linear Model
00000000 (GLM)
probability distribution
e O0OOADO7

linear predictor

e QOO O?
link function

e JOODODODO?

kubo (http://goo.gl/76c4i)

00o0o0o0ooooo (1) 2019-01-21 50 /96

0000000000000 O000

00 « 00 (0O0?) O0D000OOooooO

e 00: 0000 (response variable)
e J0: 0000 (explanatory variable)
e JOO0ODO (linear predictor):
(D000000)= 00 (00, intercept)
+ (00 1)x(ODOO 1)
+ (00 2)x (0000 2)
+ (00 3)x(ODDOoO 3)
+

kubo (http://goo.gl/76c4i)
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how to specify logistic regression model, a GLM

GLM OOOOOOOlegisticOOOOOOOOODO

goooooooooobon
probability distribution  binomial distribution

e 00O 0O: 0 O O O
linear predictor eV e

e 00OD0: eg., B+ Box; TR TR

o0ooo0o000 =z

link function

eJOODODO: logitDODODODOO
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D00OU0000000OOO0

ROODODODODOODOO (GLM) OO0D0OO......

GMOO00OOOO

probability distribution  random number generation

o o o o o0

GLM fitting

GLM OO00O

(D0) ODoooooo rbinom() glm(family = binomial)
oooo rbinom() glm(family = binomial)
gooooo rpois() glm(family = poisson)
oooooo rnbinom() glm.nb() in library(MASS)

(00) ODOoooo rgamma () glm(family = gamma)
oooo rnorm() glm(family = gaussian)

e ¢gIn() DO0D0DOO0O0O0OOOODOOOO

e GLMOOODOOODDOOODODOOOODOOOODOOOODOOOODOOOODD
ooooooooooooOooOooo

kubo (http://goo.gl/76c4i)

oooooooooo (1) 2019-01-21 55 /96

000O00O0O0000O000O

exponential function

Ooooooooooo?

Ai = exp(f1 + fax;)

v

" {81, B2} :
v ={-2,-08} :

{B1, B2}
={-1,0.4}

o0 +«0 N
0.0 0,5 1.0 1.5 2.0 2.5

-4 2 0 2 4
OO0 00000 a4
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DO0O0oO00O0O0000O0000
a statistical model for this example

booooooobboood

GLMODO000DD

Ooodoouoodod o
probability distribution  P0isson distribution N
e 100000000 -
linear predictor .
.DDDDDﬁl‘FBQZCZ ~

link function log link function b

e UUUOO:DDLOOUOOOO

kubo (http://goo.gl/76c4i)
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D0U00000000OODO0

gbobbooooboobooaooo

j ‘. seed number y; follows the Poisson distribution
T . .

000 wO0OO O00000O0000000 O
ooooo

oo Aiexp(—A;)
[ S S plyi | Ai) = 7@/7|Z
;!

mean
00000 ;0UOOOOOOOOOOOODOOOOO.LL?
i = exp(f1 + far;)

coefficient parameter
e 5,0 (00 0 (DOUDODO)

body size no f;, for simplicity

ey, 000 ;000000 f{00000D0DDO

kubo (http://goo.gl/76c4i)
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0000000000000 O000

GLM 000000000000O « (@oon)

mean

oo :g0gd N

Ai = exp(f1 + fax;)
¢

log link function linear predictor

log(A;)) = 1+ Pox;

log link function linear predictor

log(D0) =00000

logOD 0000000000 O0O0O0O0OOOOOOOODOOO

00oooooooo (1)

kubo (http://goo.gl/76c4i)
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6. RO GLMOOODOOODOOODO

ooboooooooooooooooon

ooooooooocoooooon
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RO GLMOOOOOOOOOO podoooooopooooooooo

function

gln() 0 0OOO

> d

y x f

6 8.31 C
2 6 9.44 C
3 6 9.50 C
...ooog...
99 7 10.86
100 9 9.97

Is that all?

oooo!
> fit <- glm(y ~ x, data = d, family = poisson)

00D00O0O0ODoO (1) 2019-01-21 61/96
output
glm() OOOOO
> fit <- glm(y ~ x, data = d, family = poisson)
all: glm(formula = y ~ x, family = poisson, data = d)
Coefficients:
(Intercept) X
1.2917 0.0757
Degrees of Freedom: 99 Total (i.e. Null); 98 Residual
Null Deviance:""I 89.5
Residual Deviance: 85 ~"IAIC: 475
oooooooooa (1) 2019-01-21 63 /96

O000000O0O0O0000O moooooooooo)

B (Estimate 0.0757, SE 0.0356)

A1

I T
0.0 0.5 1.0 1.5

e pU0 0UIUODDOOD ODODDOODDO

epl 0500000 OODO B[]D[]D[]D

kubo (http://goo.gl/76c4i)

00ooo0o0ooooo (1) 2019-01-21

(Estimate 1.29, SE 0.364)

epDDOOODOO DOO B[]D[]D[]D[]D[]D

(0: 00000000000 OoUOO0DOOoUDOUODODOn)
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RO GLIMOOOOOOOOOO oooo0oooOoOooOOoooooooo

glm() OODOODOOOO
BREBMTZ2A TV b

data. frame DIEE

e J0O0D0 (DOUDO 2):000000DOODO?
e link00: 00000 (yy OOO ODODO?
e family: JO0OO0O0OOOODOY

V2 oBRBOEE (BEET)

EFILR
Fit) <- (gim) BB mmsmone
Yy ~ X,\
family = poission(link = "log"),
data = d
)

kubo (http://goo.gl/T6c4i) 0000000000 (1) 2019-01-21  62/96
glm() 0O0OOOOOOO
> summary (fit)
Call:
glm(formula = y ~ x, family = poisson, data = d)
Deviance Residuals:
Min 1Q Median 3Q Max
-2.368 -0.735 -0.177 0.699 2.376
Coefficients:
Estimate Std. Error z value Pr(>|zl)
(Intercept) 1.2917 0.3637 3.55 0.00038
X 0.0757 0.0356 2.13 0.03358
...... (boooo) ...
oooooooooa (1) 2019-01-21  64/96

0000000000000 woooooooo?)
Bo (Estimate 0.0757, SE 0.0356)

A

I T T T
0.0 0.5 1.0 1.5

e 10 9%% 0000000000000 000
goog

e0000D0DDOOOOOOOOO?

e JUDUODDODDOUODLOODLDOODOO
oo ... gooon

kubo (http://goo.gl/76c4i) 00oDoDo0oooo (1) 2019-01-21

(Estimate 1.29, SE 0.364)

66 /96




kubostat2018y

p.12

RO GLMOOOOOOOOOO podoooooopooooooooo

model prediction

gooooo

> fit <- glm(y ~ x, data = d, family = poisson)

Coefficients:

(Intercept) x
1.2917 0.0757

> plot(d$x, d$y, pch = c(21, 19) [d$f]) # data
> xp <- seq(min(d$x), max(d$x), length = 100)
> lines(xp, exp(1.2917 + 0.0757 * xp))

the figure shows the relationship

ooooooogoooooog

between model prediction and data

o0ooooooO0o0ooo

T T
7 8 9 10 11 12
dsx
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incorporate the fertilization effects in GLM

O0O0O00 0000000

seed number y; follows the Poisson distribution

000 wOOO 0O0O0OOOOooooooo o
ooooo

Miexp(—\;
p(yi | i) = ——7— I,( 0
dsx Yi:
mean
00 +000 MOOOOooooo

Ai = exp(B1 + Bawi + B3d;)
fertilization effects
e 5s000OO0ODODO O

dummy variable

e 4000000

coefficient

410 (fi=chbn)
' 1 (i=T0O00)
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00000000000 DODODOODOODODOO000 GLMDDDDD’DVDD

model prediction

x+ £f000000

> plot(d$x, d$y, pch = c(21, 19) [d$f]) # data

> xp <- seq(min(d$x), max(d$x), length = 100)

> lines(xp, exp(1.2631 + 0.0801 * xp), col = "blue", lwd = 3) # C

> lines(xp, exp(1.2631 + 0.0801 * xp - 0.032), col = "red", lwd = 3) # T

S .
3
N o ' e o u.
S
o e o e o
o
S
>
@
o
o ° .
o~ — o
T T T T T
7 8 9 10 11 12
d$x
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. 00000o0boo0obo0 oobooobooobooo

factor type

GLMOOOOooooo

000 +000 00O00OO0O0ODOOO

kubo (http://goo.gl/76c4i)

oooooooooo (1) 2019-01-21 68 /96
output

glm(y ~x + £, ...) O0OO
> summary(glm(y ~ x + f, data = d, family = poisson))
L@y
Coefficients:

Estimate Std. Error z value Pr(>|z|)
(Intercept) 1.2631 0.3696 3.42 0.00063
X 0.0801 0.0370 2.16 0.03062
fT -0.0320 0.0744 -0.43 0.66703
...... Qooooo) ...
kubo (http://goo.gl/76c4i) oooooooooa (1) 2019-01-21 70/96

00000000000 O00D0DO00OO0OOOOO GLMDDDDDD}’DD

multiple explanatory variables

gbooboooooboboooobboobod

e fi=C: A\ =exp(1.26 + 0.0801z;)
o fi=T: \ = exp(1.26 + 0.0801z; — 0.032)
= exp(1.26 + 0.0801z;) x exp(—0.032)

0000000 exp(—0.032) O

e 0oooooooooo!
O

O

12— control

o |ooo

fertilizatior

T T T T
5 10 15 20
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00oo0o0OO0O0ODO0O opoooooooDoooD GIMOOO0O0OD

model interpretation depends on link function

oboboooobbboooooboood

log link function

(A)DDODO0ODOO

identity link function

(B)DODODODOD

A=exp(f1+foz+---) A=pi+fax+ -
multiplicative additive
= 00 O .| DoDo
o =
(]
- o
(] =]
O ooo
w0
T T T T T T T T
5 10 15 20 5 10 15 20
oooo 0000

00D00O0O0ODoO (1) 2019-01-21 73/96
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statistaical models appeared in the class
O000000oo0oooooon
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“NODOO k0O0OD0ODODOO" OO0DOO0ODOO gooooooooooo
example seed survivorship, again
O 0:0000dooodo
ooo nN; =8
e JO00JD00OODOODODOO 0000
[oX JeJe)
° .
Oo0d.000000o00oo oo i 000 y =3
e JOO0OOO 8O0 ODODOO
ooo
e JO0OD0O:00D00ODODODOO
ogo ‘
e J00:00 2000000 1600000000D000O0DOO
e 7300000DO00 —DODOUODOUODOODOODODOOO
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probability distribution

GLM: OOO O O O

link function
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binomial distribution

oot g 0O O 0O O00bo

e JODOO0DOOODDOODDOOODOOOD
goog

e 0 N;UODOUO s OO OOO

plyi | 4) = (

e JDDOUOODDOODO
e 100DOODO
e 100 O0ODODOODDOODOODO ¢

N.
yf) qyi(l _ q)l\hay,7

)
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e 1000 L(¢|D0D)00D00D00ODOODODOD
OO0 ¢OO0O0oD0OO
e OO0 DOODOODLDO

20 N
10gL(q|DDD)zZlog< 7’)
i=1

Yi
+ Z {yilog(q) + (N; — y;) log(1 — q)}

e IO OODDODDODDODDOODDODOD g

O0o0ooooooooood
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“NOOOD k000000 D000000D

ooo
O0:200000000000000000

e JJ0DDO {yy}OODOOODODODOO

e 00O ¢gUOOOIOODOODOODODOOOO
likelihood

e J 00 0O20000000000000DO0
goboboodnb ¢Obhooboboooobn

20
LigHy:}) = [[p(wi | 9
=1

goooodoon o1 2 3 45 6 7 8
goooodoonb 121366100
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“NODOOD k000000 0000000 oooooooooooo

maximum likelihood estimation

0 OO0 O (MLE) 0000

e 0000 L(g|000)00000D0O0ODOOO ¢q0OOODO
gooogo

e 0000 logL(g|0D00) 0O
¢000000 0000 §
ooobobo
dlogL(g | 00ODO)/0g=0

e JO0OO ¢gODODODOO
gbobooooooboo

oo

ooooo - % . . . )
q= - B 46000 08 04 05 06
0oooo 160

log likelihood
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how to specify logistic regression model, a GLM

GLM OOOOOOOlegisticOOOOOOOOODO

goooobooooobn

probability distribution  binomial distribution

e 00O 0O: 0 O O O
linear predictor A. S
e0DOO0O: eg., B+ Box; S

link function oooooog a

eJOODODO: logitDODODODOO
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pooooooooooo

NOOODO yODOOOOOOODO...0O0O0

subuoobobybo oo ooo!

...... oo «ogoo»boogoooo
0% ppooo N =s
[ JeX Xe)
oo f 0800
0000 DOO00 g =3
T: 0000 0000 (alive) O e

0000 (dead) O o
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“NDOOOD k000000 0O00D0O0DO

Reading data file

gbooOoogogd

oo R

oooooooooooo

datada.csv O CSV (comma separated value) format file JOOOR O
gooobooooooobooon:

> d <- read.csv("datada.csv")

or

> d <- read.csv(

00D00O0O0ODoO (1) 2019-01-21 85/96
“Noooo koooooo” oooooono  [Rsksisisksksis)stsEsiats
data frame d OO0 0O
> summary (d)
N y X £
Min. :8 Min. :0.00 Min. : 7.660 C:50
1st Qu.:8 1st Qu.:3.00 1st Qu.: 9.338 T:50
Median :8 Median :6.00 Median : 9.965
Mean :8  Mean :5.08 Mean : 9.967
3rd Qu.:8 3rd Qu.:8.00 3rd Qu.:10.770
Max. :8 Max. :8.00 Max. :12.440
0ooooooooo (1) 2019-01-21  87/96

oo0ooo0ooooo

kubo (http://goo.gl/76c4i)

logistic regression

oooooooooo (1)

9. 000b00bOO0b0OOna

0000 binomial distribution O logit link function

2019-01-21

0000 binomial distribution O logit link function

89/96

+ "http://hosho.ees.hokudai.ac.jp/ kubo/stat/2014/Fig/binomial/datada.csv")

0000 40000000 data frame (00000 O0D0)
gooooo

kubo (http://goo.gl/T6c4i) 00ooO0o00ooO (1) 2019-01-21  86/96

“NOOODO kOOOOOO" 0o0oooog

oooooooooooo

Dooooooooooood R

> plot(d$x, d$y, pch = c(21, 19) [d$£f])

> legend("topleft", legend = c("C", "T"), pch = c(21, 19))
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fertilization effective
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0000 binomial distribution [ logit link function
binomial distribution
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0000 binomial distribution O logit link function

logistic curve

obooooooboooobon

goooogoooooooo (z: O0DO00Deg. z = B1+ Boxi)
1
¢; = logistic(z;) = ——————
1 gistic(z:) 14 exp(—z)
> logistic <- function(z) 1 / (1 + exp(-2z)) # 0O OO0
> z <- seq(-6, 6, 0.1)
> plot(z, logistic(z), type = "1")

i

I

_ 1]
T 1+exp(fz)

00 q
00 02 04 06 08 10

i

I
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goooboooagooood......

0oooo {8,8}={0,2}0(A)3,=200000 g 000000000
(B)s/p=000000 000000000
J(A) Bp=2000 .B)A/=0000

000000 {4, 00000 2000000000000 ¢q00<g<1
oooooooo

oooo00oooooo

0000 binomial distribution O logit link function

logit link function

o logistic O 0O

1
= = logistic(p1 + fox
q 1+ exp(—(B1 + a1)) g (B1 + Paz)
o logit OO
logit(q) = log o=t

logit O logistic O O O O O logistic O logit 0 O 0O 0O

logit is the inverse function of logistic function, vice versa

oooooooooo (1) 2019-01-21 93 /96

kubo (http://goo.gl/76c4i)

oo0ooo0ooooo

0000 binomial distribution O logit link function

oobOooooOOo:. oobOoooOocooooo

(B) 00DODODf; =10

(A) 0000000 f; =cO0

@] e eesoes @] e o pam—

S ° o edle 00 0 o

O e o] cofffe o

O afl o wow o

O < < so o o

O o o oo

O . .

o odeoe o0 o

T T T T T T
12 8 9 10 11 12

ooooooo0 o ooooooo o

oooooooooo (1) 2019-01-21 95 /96

kubo (http://goo.gl/76c4i)

00o0o0o0ooooo (1) 2019-01-21 92 /96

kubo (http://goo.gl/76c4i)

EIshs)sishalsieR=h=RER=l O O O binomial distribution O logit link function

ROODODODODODOOD —p 0 B O0000

(A)00DOODOO0OO00f;,=c0 (B)0OOOOOOOO

w o 0o 0oc ® w
. ! \
© oo a ©
o om o \
> 60 o o : <«
o e o \
~ . ~ \
o o mee \
1 T T T 1 T T T T T
7 8 9 0 11 12 7 8 9 0 11 12
x X

> glm(cbind(y, N - y) ~ x + f, data = d, family = binomial)

Coefficients:

(Intercept) b £T
-19.536 1.952 2.022
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