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HBM
oo ogbooboood

The development of Llinear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be mgre/&Generalized Linear Mixed

flexibte Model (GLMM) "
f;ﬁggg'g;}ggts /& Generalized Linear
such as individuality~~ Mode |l (GLM)

Always normal MSE

distribution?

That’s non-sense! Linear model
ooo

0000 Bayesian Estimation (00O 0O0)
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Why? GLM is not enough ...

00000
o NOOOO yO
o /\\ ..00ooooooo
J e noo
eeoe 0000000000
0ooooo?

oooooooo
3 4
| |
(o]
(o]
\
/
(o]
(e}

00000 v

Joooooodooo!
Apply Hierarchical Bayesian Model (HBM)!
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ooo

Oodogn
example
© MCMC sampling 0000 OO

logistic regression: binomial distribution
® The same data, but applying Markov Chain Monte-Carlo

(MCMC)
00000 Markov chain Monte Carlo (MCMC) 0O O0O!
® Softwares for MCMC sampling
“Gibbs sampling” 000000 OOOOOO......
oGLMM OODOODOOOOO
GLMM OOODOODOO

estimation

ellUUUIOnnonO oo
OO0O0O0ooO0 JAGSODOOOOO

e J0I00000O (HBM)? or GLMM?
Model: HBM and GLMM are equivalent
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MCMC sampling 0000 logistic regression: binomial distribution

example

1. MCMC sampling 0000 OO0

logistic regression: binomial distribution

and logit link function
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MCMC sampling 00O logistic regression: binomial distribution

example seed survivorship, again

oo - oggoouoooogod

e JOUIODDODODDOOOOO e0e0
e l0:00000O0OODOO

e JOOOOO 80 OOODO
goo

e O0OO0:0000000DO00T
gogd
e JOUO:00 2000000 160000000000000

e 30000000DO —DOOO0OD0DO0ObOOODDbOOO0On
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MCMC sampling 0000 oo logistic regression: binomial distribution

oboooooogoonon

gooogoonb o1 2 3 45 6 7 8
goooooonb 12136 61 00

goooo o7
gooogobd e«

N |

S R —
0 2 4 6 8
O0o0oooo0oo v
00000000000000 (no individual difference!)
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logistic regression: binomial distribution

binomial distribution

good g0 Ooon oo

survivorship

e 0O ¢gUOLOLOUOOODOOOL ODOOO
gooogoao

e [0 NV UUOUD y, U0 gogg
Ni\ .. _—

plo )= ()t = ¥

1

® [n this example ....

e 10000 no individual difference
e I ODUOUOLOODOULOOOO ¢
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logistic regression: binomial distribution

ooo

do:200000000000000O0000

e 10D00D0 {y}O0DODOODOODO
e OO0 ¢gOULOUDOOLOOOUODLDODOO

likelihood

e [ O2000000U0O0OOOUOLDODOOO
godoougg qDDDDDDDDDDD

L(qlyi}) Hp yi | a)

gooogoonb o1 2 3 45 6 7 8
gooouoog 121 3 6 61 00
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MCMC sampling logistic regression: binomial distribution

log likelihood MLE

oot oo oood

e 000 L(¢|D00)000O0OD00ODODODODODODODO
OO0 ¢gOOO0O0on
e IO UOOOOUONO

20 N
logL(qDDD)Zlog( Z)
i=1

Yi
+2_ {yilog(g) + (N: — yi) log(1 — q)}

e O OLOODLODLOOOOOLUUUUOUOOUU ¢
ooooooooooodn
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MCMC sampling 00O logistic regression: binomial distribution

maximum likelihood estimation

0oo0oO0 (MLE) : 0000000

e 0000 L(g|DODO)0D00OD0O0OOO0OOODOD ¢qOOOO
gooobod

e0000logL(g|000)0O

¢O0O00000 o000 ¢ =l
0000000 g
OlogL(q|000)/0g=0 8%

e 000 ¢0OODODODO 3

o
gboboobogobooobon ]
HEN

ooooo 73
i——— - " _gas6000
= Hoooo 160
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MCMC sampling 00O logistic regression: binomial distribution

fitting binomial distribution

oboobooobod 8000 gy ogg

G=046 000 (5)0.46¥ 0.54%7

googno
gooooo

0 2 4 6 8
gooooooog vy
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Monte-Carlo (MCMC) 00000 Markov chain Monte Carlo (MCMC) 000DO!

2. The same data, but applying Markov Chain
Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 0O O O!

oboo “cobobo”bobobuoboboboo
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

Maximum likelihood Estimation (MLE) vs. MCMC
gooboooo: 000 MCMC OOooooono

0000000000 (booo)booooooo
gboooboon

Markov chain Monte Carlo (MCMC) 00000000
Metropolis Method (Metropolis method) O 0O O O O

oooooo.:gogoboboooooogno......?

MCMCUOUOOUOOUOODOODOooOooooooo
00000000 Metropolis Method OO DO OOODO
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Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 000DO!
An example for MCMC

MCMC OOOOoooooognd

gooooooooo oodbo:qO0ooooooo
log L(q) 0o
A%,
'cg'7 'co D\._,U” Dﬂuﬂ”n

-'ém _> -'_ém uun Dun

£ A .
2%— Quolr 2 °

T T T T = T T T T

0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6
© - gooooooodn

- ot quoouooogg

(0000D0D0oooooDoooon)

T

—— — —
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

How to sample ¢?

gobooood ¢ bgougoobn

trial and error MLE

obboobobbobbubooin

<
V

|

N
(6]
N
~

|
N
o
w
(o0]

log likelihood

|
©

49 -48 Z|l7 46 -45
N
~
(o]

. a i .
028 029 030 . 031, .032
q: seed sruvivorship

O@qUoboobooboooobooboboooboobooobooboon

© 000000000000000000¢qO000000000
©® 000000000000 (1), (2000000
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

An example of Metropolis walking

00000 Metropolis Method 00 0

oD DDD ¢gUOOOOOO
(0000 ¢00DDD0 0.3)
eqUUUUIOOO0O0OO0OO00OO0O0O0O0OO

(000000 ¢qUO00 gnew DO0DOOODO)

®¢.. 000000 L(g.) 000000 L(g) 000

® L(gnew) > L(g) (DODDOD0DO): g4 gnew
® L(gnew) < L(g) (DODDODO):

® 00 r= L(gnew)/L(q) O q + gnew
e 10 1—r0 ¢qO0OODOOO

ol 2. 0000

(¢=0010¢=09900000000000000000)
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

Metropolis Method Rule: how to move ¢

.ooooo 0000000 (MCMC)

-4

_4}5
A
o
[N

AN

5
o

a
__________________ Q4
° d
8¢ -46.38 g O
= e = <
S : gy oA
= < : =
o ! -47.62 : [e)) O
(@ R - ' [e ©
- ® =1 <4

8-

: : z I./

I I I I I I I
0.28 0.29 0.30 0.31 0.32 030 0.31 0.32 033 0.34 0.35

_zllg
L
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Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 000DO!
Log likelihood landscape

doboobotuobougbogoodon g0

Metropolis Method (000000 MCMC) O
0000000 (not seeking the optimial point!

4

i
t}
OO

log likelihood
45
1
o
o

-50
1
o

000000000000 0007? What for MCMC?
qgUUO0O000000ooooooad
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

Sampling ¢ values based on MCMC rules

2
0.3 0.4 0.5 0.6

| | | | | | 0000000 q
0 20 40 60 80 100 ©oooood

MCMC OOOOOOO

ooooOooboooboooooooogre
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

0000o0o0ooooooonond longer sampling

ooooooooo?

2
0.3 0.4 0.5 0.6

| | | | 0000000 q
0 200 400 600 800 1oo0 CHBOOOO

MCMC OOOOOOO

oooo...7

kubostat2018f (http://goo.gl/76c4i) 000000000 2018 (f) 2018-07-02 21/71


http://goo.gl/76c4i

(Y EINTHOEIS NI (1 (0 Markov chain Monte Carlo (MCMC) 0O00ODO!

goboboobooobtodobotdd more ...

gooooo
OgO0OD0OO0OO
..... oooooo

2
0.3 0.4 0.5 0.6

| | | | 0000000 g
0 20000 40000 60000 80000 ooooooo

MCMC OOOOOOO

oobooooboooboboooooobooooo?
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

What for MCMC sampling?

00 L(g) O
0000 logl(q) poooooOoQ

log likelihood

T T T T
0.3 0.4 0.5 0.6 0.3 0.4 0.5

goddddddoooodgoooooooad

goooboboobooboboobd
MCMCO “0000000000O0” (~00O0D0DO0ODO)
U bgdgbooobog boobbod
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

empirical distribution

MCMC OOOOOOODOOO ¢q0O gooo

0.10

0.05
|

0.00
L

T T T T
0.3 0.4 0.5 0.6

q
e JDDOUOODOO(ULO)DOODOMCMC O
UboooobodOplqbOoobboobbooon
goo

e JIDDUOODDOUODLDOOODgDOOO 95% 00O
gobobobb—-oogooaoo!
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

(0O0OOoOoOOO0)

gob bobooobdoo oo ¢ obooooa

3.97

1.98

T T T T
0.3 0.4 0.5 0.6

q
e U UUOO ¢g=0.4500000--- DOOOOOOODOO
guooooooog!
e JUOUOO “gUDLOO0OLOOOOO0OOOO!

e JUUOLOD OO *ODOU0ouooorobouooo
gotgouood
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IR OISIMOVIGVIGHI (1 [ (1 Markov chain Monte Carlo (MCMC) OO O0O!

oboobooobotoobouoobooboodd

0000 p(g|Y) postétign(Y | ¢) likelihdddd O O p(q) prior
5 ® MAP #EfE 5
& ox & X

T T
0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6 0.0 0.2 0.4 06 0.8 1.0

0000 g

kubostat2018f (http://goo.gl/76c4i) 000000000 2018 (f) 2018-07-02 26 /71


http://goo.gl/76c4i

Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

3. Softwares for MCMC sampling

“Gibbs sampling” 00000000 OODOO......

doooobooboooobooooon
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

OO0O00O0000 R... is it enough?

http://www.r-project.org/
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

The development of linear models

parameter

. . . estimation

Hierarchical Bayesian Model MCMC
Be more Generalized Linear Mixed

flexible Mode L (GLMM)

MLE
Incoporating /x:\-Generalized Linear
random effects
such as individuality~ Mode L (GLM)

Always normal MSE
distribution?
That’ s non-sensel Linear model
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

000 GLMM OO ROOODODODOO

eROODOODOD GLMM UOOOOODOODODOODO
goog ...

® library(glmmML) 00 glmmML ()
® library(lme4) O lmer()
® library(nlme) O nlme() (DOODOODO)

e 00 ODODODODLO GLMMODOODODO
U +0bddddddduooooooono ooo
000 (000000oo0OO0oooooo)

e DU OOOOODLDLDDOOOOOODDDOOO
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

oooono MCMC OOOOOO

Oo0O0o0 MCMC

e Metropolis Method: OO0 0O0O0OO0OO0OO0OOOOO
00 MCMC

® Metropolis-Hastings: 00 00O O

e Gibbs sampling: 000000000 O0O0O
MCMC

e 00000 (000D000000)00000000000
e HMC sampling: StanO0 000000
e 000000000000
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

Gibbs sampling 00007

e MCMCUOOOOOOOOOO
e 000D DOOOOO MCMCOOODODODOOOO
e :000000O B0 B0 Gibbs sampling

® 500000000000
® 4, 0000000000000 0OD00ODO0O0O0O By 0 MCMC
sampling 0 00O
® 500000000000 00D00O00000 g, 0 MCMC
sampling 0 0 O
®2 -3.000000
e OO0 90OUOUOODO
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Softwares for MCMC s “Gibbs sampling” 000000O0O0O0OOO......
0 0: Gibbs sampling (coooooooooo 90)

McMvc A O0000000 B Oooooood

step - ; N 1 ]V
el o y el o !
o° o o® o |
1 o] 2= o il
©0% ®0%
o o
3 °
< @ 16 1.8 ZL\D 22 24 < @ -0.02 &02 0.06
e B e e e
3 4 5 6 7 3 4 5 6 7

\J
step - \1, r N

2 ® ® - ® ®
@ o o @ o o
® oo ® o o
©f o oo
o o
< © 16 18 20 22 24 <] ® 002 002 006
B L
A S — A S —
3 456 7 3 45 6 7

° ° = °
3 ® ® ® ®
@ o o @ o o
! ® oo @ o o
; of o ©f o

< @ 16 18 Qiﬁﬂ 22 24
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A ~ORY 2%

Metropolis Algorithm

Gibbs BV TFUVT NZIEZF7VEYFTAIILO

Gibbs Sampling ! R HMC Algorithm
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

000 “BUGS” 00O Gibbs sampler [0

e BUGSOO (+ 0000O0)00O0O0OOOO
goobooboooood

e WinBUGS — O0OOOOO...... ooooar?
e OpenBUGS — OOOODOODOODOO?Y
e JAGS —0000O00OOOOO OSOOOO

e Stan —JO0O0O0O0O
— 0000000000 ...

® [JJ0O: nttp://hosho.ees.hokudai.ac.jp/~kubo/ce/BayesianMcmc.html

goo... puGsooooogz
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Softwares for MCMC sampling

“Gibbs sampling” 000000000000

OooobobooOb0O0O BUGSOOOOOOOO

F—4 YI[i]
EFHBEDIEDEFH
vy
BuGS O o ggngd
_IENTH

dbin (q, 8) for (i in 1:N.sample) {
Y[i] ~ dbin(qg, 8)
2 R
IERE A7 ; q 7 dunif(0.0, 1.0)

gboooboobobooboobooboob
BUGSOO: ODOOOOoOOoOOobDOoOoOoO

Spiegelhalter et al. 1995. BUGS: Bayesian Using Gibbs Sampling version 0.50.
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

O0000 OSOO0OO00 JAGS 4.3.0

R core team 0O 0 O 0O Martyn Plummer O 00O OO
® Just Another Gibbs Sampler
c++Juooooon
e ROODODODOOODODODOOODO

® Linux, Windows, Mac OS X 0D OO0OO0OOO
e JODOOO
e ROODOOO: library(rjags)
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

JAGS O RO «“0000”” OO0OOO
MCMC sampling from
posterior distributions

FE&DMHSD
SYSLYYTIL

=:za
BUG S [=N=T=] Trace of beta[1] ___Density of beta[1]
- o
—_ e g ] -]
= R A R S B S 3 T T T T T 1
J 0 500 1500 2500 151.5 1525 1535 154.%
lterations N =3000 Bandwidth = 0.0479

Trace of beta[2] Density of beta[2]

N
DAERE
HyFYs P ool T T T T

DFFME . ‘
Input o

3 5 7 ¢ 1515 153.0

1
00 04 08
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

ROO JAGS OODOOODOODOODOOOO (1/

library(rjags)
library (R2WinBUGS) # to use write.model()

model.bugs <- function()
{

for (i in 1:N.data) {

Y[i] ~ dbin(q, 8) # ODODOOODOOODO

}

q ~ dunif(0.0, 1.0) # q UOOODOOODODOO
}
file.model <- "model.bug.txt"
write.model(model.bugs, file.model) # DO DO ODOO

gogdd......
18f (http://g

kubostat')O ht g00.g1/76c4i) 000000000 2018 (f) 2018-07-02
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

ROO JAGS ODOODODODOOOOOODOOO (2/ 3)

load("mcmc.RData") # (data.RData [0 O[O mcmc.RData!!)
list.data <- list(Y = data, N.data = length(data))
inits <- list(q = 0.5)

n.burnin <- 1000

n.chain <- 3

n.thin <- 1

n.iter <- n.thin * 1000

model <- jags.model(
file = file.model, data = list.data,
inits = inits, n.chain = n.chain
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O0OOO......

ROO JAGS ODOODOODOOODOOODOO (3/3

# burn-in

update(model, n.burnin) # burn in

# 000O0O0OO0ODOO post.meme.list OO
post.mcmc.list <- coda.samples(

model = model,

variable.names = names(inits),

n.iter = n.iter,

thin = n.thin

# 000
kubostat2018f (http://goo.gl/76c4i) 0oO0O00OO0oO 2018 (f) 2018-07-02

)
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ooooooon

oooooooo

Do0o00o0 . 000004 _
| | | | |
0 100 200 300 400 500
MCMC step O
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Softwares for MCMC

gobooobooonnd

! sampling

check convergence

gogd 0d

O [R=1.0190 MCMCOOOO cans3
I:l 7 chain 1
D I ' ‘\

7 \ \1\/\ 4 W M
l:l -

l:l _

chain 3 ——

kubostat2018f (http://goo.gl/76c4i)

MCMC step O

000000000 2018 (f)

100

“Gibbs sampling” 000000O0O0O0OOO......
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

convergence check

0000 0O R(QOOO0OO0)O00

® gelman.diag(post.mcmc.list)

® R-hat 0 Gelman-Rubin OO0 O O0OOOOO

5 vart (¢ly)

R =
O W1 1
o vart(yly) = = +-B

oW . OOOOOOO variance 00O O

B: 0000000 variance
Gelman et al. 2004. Bayesian Data Analysis. Chapman & Hall/CRC

(¢]

o
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

Gibbs sampling — 00040000

® plot(post.mcmc.list)

Trace of q Density of q
n
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1000 1400 1800 0.30 0.40 0.50 0.60
Iterations N =1000 Bandwidth = 0.0083¢
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GLMM 000000000 GLMM O0OOO0OODOOO

4. GLMM O0O00O0O0OOO0O0OO

GLMM OOODOOOOO

hierarchical Bayesian

ooooooooood
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Binomial distribution can NOT explain the DATA!
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GLMM 000000000 GLMM 000O0O0OOO

individual difference

Oo0 — 000 (overdispersion)
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OO00000000 logisticOOOOOOOOO

e J00O ¢=¢q(z) 0000000000
q(z) =1/{1+exp(—2)} OOO

0.0 0“2 0‘.4 0‘,6 0“8 1.0

1 T T ; T T T
6 4 -2 0 2 4 §
z

e 10000 z=a+r, 000
e 100000 : 00DODODO
e000OD0O r: 000000 (ODO)
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gooodod 00000 =00o0o0odudd

number of parameters sample size
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suppose {r;} follow the Gausssian distribution

{r;} 000000000 0O0ODOOODOOO
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overdispersion
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Grobal and local parameters in the model

goboobtoobooboooouooogd

@E 1 nF—5 Fj

@& 2 OF7—5

e .. r

07—

{r

100} Tg

17" 27 '3
local parameter global parameter
random effects fixed effects
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choose proper priors: non-informative and hierarchical priors

gobooodobouobouoobooon
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a, S {Tz}
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global
gobooobooboboob oo goooood
local
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O0000000D00O: Hierarchical and non-informative priors
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estimation
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O00000000 BUGSOOOOOOOO

model

{
for (i in 1:N.data) {
Y[i] ~ dbin(qlil, 8)
logit(qlil) <- a + r[i] 7

7T—% BFEANSS
Y[i]l BEF

¥ N SHEAH Eno@EEE
a ~ dnorm(0, 1.0E-4) Efgpesk A1l <— rlil <
. EHRIoMm 7
fOI‘ (1 in 1 : N . data) { EELED Y a hyper tS {@M_{%o)
parameter ;g ~
r[i] ~ dnorm(0, tau) EISRER ST E pad 52X
} A mEEERS
(BERIDMH)

tau <- 1 / (s * s)
s 7 dunif (0, 1.0E+4)
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JAGS U0 0DO0DO0O00oOooonbooDO

> source("mcmc.list2bugs.R") # 00oboooooooo..
> post.bugs <- mcmc.list2bugs(post.mcmc.list) # bugs 00O OO0

3 chains, each with 4000 iterations (first 2000 discarded)

803/3 m’ tggal &r egch £} ain] R]—@tz_'_ medians and 80% intervals

0.0

0.01-

ao
-0.0
-0.0:

104

51 H { I R
*r_osm‘ Q‘ ww‘ “HHU , n‘ ' f’”

"~ 12345678910 12 14 16 18 20 22 24 26 28 30 32 34 36 3B 40
3.59

S3

s = 2.54

* array truhcated f3r la Qopr?a%S 2+
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Trace of a Density of a
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® post.mcmc <- to.mcmc(post.bugs)

e 00 matrix U0 0O0O0ODOOOOOOODOOODOOODO
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0O00O0o0oOooOo (HBM)? or GLMM? Model: HBM and GLMM are equivalent

6. 00000000 (HBM)? or GLMM?
Model: HBM and GLMM are equivalent

Estimation: NOT equivalent
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

Jdooootdtdd

The development of Llinear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Bemge/tl\_Generalized Linear Mixed

flexivte Model (GLMM) e
[ncoporating | /& Generalized Linear
such as individuality Mode L (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

Improve logistic regression model (GLM)!

Joogoogoogood

probability distribution  binomial distribution

e OO : OOUOO

linear predictor

e00DDOO: By + Boxi + 1

link function

e 00OODO: logit OODOOO

s=1.0

|
[}
|
[}
}
. s=1.5
1
|
[}
1
|

6 -4 -2 0 2 4 6
oo r
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

fixed effects random effects

oo td oogogd

Generalized Linear Mixed Model (GLMM)

linear predictor

000 Mixed D O00000: 8y + Box; + 7

e fixed effects: B + Bax;

e random effects: +r;

fixed? random?” DO O QOQOOd...... ?
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

global parameter [ local parameter

Generalized Linear Mixed Model (GLMM)

linear predictor

000 Mixed D 00000 By + Boxy + 14

e fixed effects: 5 + Gox;

® global parameter — for all individuals
e 1000ODODOO s 0O global parameter
e random effects: +r;

® Jocal parameter — only for individual ¢
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0O (HBM)? or GLMM? Model: HBM and GLMM are equivalent

maximum likelihood estimation of GLMM

000 y; ~ binomial distribution

p(yi | B1,B2) = (8

000 r; ~ Gaussian distribution
(] 5) = —= i
| 8) = —=exp|(—
b 2752 P\ 2e2
Integrate out r;!

L; :/ P(yi | 51752,7'1') P(Ti | S)dTi

— 00

likedhood for all data
gooboooo — B, B2, s 000

L(B1, B2, 5) HL
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

e Model: HBM and GLMM are same

e Estimation: NO'T same
Hierarchical Bayesiam model (HBM)
is better because we can apply MCMC
estimation.
Maximum likelihood estimation (MLE)
is NOT easy!
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Jo0oooood (HBM)? or GLMM? Model: HBM and GLMM are equivalent

HRERERE

The next topic

ododododbodouogo
Hierarchical Bayesiam Model (HBM) & Time Change Model

The development of linear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be we&(}eneralized Linear Mixed

flexibte Model (GLMM) e
hcopDratind 4 /& Generalized Linear
such as individuality~~ Mode |l (GLM)

Always normal MSE
distribution?
That’s non-sense! Linear model
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