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Poisson regression, a generalized linear model (GLM)
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Generalized Linear Model
e 10 0OOOO (Poisson regression)
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Understand the Evolution of Linear Models! suppose that you have a “count data” set ...

obobOobobOobobobon o0,10,20000000000

The development of linear models 0bboOoD0D (ye{0,1,2,3,---}0000)

parameter response variable Y o o
. . ) ting © °
Hierarchical Bayesian Model oo, S o o
Be more Generalized Linear Mixed ©°
flexible MOdel. (GLMM) [ele) oo o
MLE Si = T 1
Incoporating . . 0.5 1.0 15 2.0
randon of foutd Generalized Linear \ _ o
such as individuality Mode L (GLM) e.g. body size explanatory variable
(0O0oooo) oooo
hivays normal VSE e 0000 z0000000000y0000000D
RS e-eeet Linear model e 000000000000 000N00ON00DN0OO......
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the normal distribution ... is NOT this one! the Poisson disribution approximates data
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body size = and fertilization f change seed number y?
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Modeling number of seeds of plants using GLM
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sample size
oood
control
e 00O (fi =C): 50 sample (i € {1,2,---50})
treated

e 0000 (f;=T): 50 sample (i € {51,52,---100})
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Reading data file

obooboobobooobon

R

data3a.csv 0 CSV (comma

goooo
data frame d 00O O

separated value) format file 0 0 0 O

>d
ROODDOODOOOOOODOOOO:
y x f
1 6 8.31 C
2 6 9.44 C
> d <- read.csv("data3a.csv")
3 6 9.50 C
000040000000 data -..oooo...
99 7 10.86 T

frame (0 O00OO0OD0O)000OO
og

100 9 9.97 T
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dataframed 000O0O: “000” 0000

00oooooooooo f0000oooooooo

> d$f
[11 ¢
[26] C
[611 T
[76] T
Levels:

cccececececececceccecececcceccecceccecccecceccec
cccecececececececcecececceccececcecceccecccecceccec
TTTTTTTTTTTTTTTTTTTTTTTT
TTTTTTTTTTTTTTTTTTTTTTTT
CT

data type: factor levels

goooobD .ooooobooogooooo

levels

ooodcOTO 200
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data frame [0 summary ()

> summary (d)
y X £

: 2.00 .190 C:50
1st Qu.: 1st Qu.: 9.428 T:50
:10.155
:10.089
:10.685
:12.400

Min.
6.00
Median : 8.00 Median
: 7.83

3rd Qu.:10.00

Mean

3rd Qu.

Mean

Max. :15.00 Max.
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dataframed 0000O: OOOOOOO
> d$x
[1] 8.31 9.44 9.50 9.07 10.16 8.32 10.61 10.06
[9] 9.93 10.43 10.36 10.15 10.92 8.85 9.42 11.11
...0o0oo...
[97] 8.52 10.24 10.86 9.97
> d$y
[11 6 6 61210 4 9 9 911 610 6 10 11 8
[171 3 8 5 5 411 510 6 6 7 9 310 2 9
...0ooo...
971 6 8 7 9
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data type and class

ROODODOODOOOODOO

> class(d) # d O data.frame OO0

[1] "data.frame"

> class(d$y) # y OO0OOO0O0O integer OO 0O

[1] "integer"

> class(d$x) # x U0 OODOODOOO numeric OODO
[1]

"numeric"

> class(d$f) # OO0 f OO factor OOO
[1]

"factor"
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0oo00000000000000O0000007?

oooooooooooot

> plot(d$x, d$y, pch = c(21, 19) [d$£f])
> legend("topleft", legend = c("C", "T"), pch = c(21, 19))
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ISR EEE R EEEERRN o oo000000

U000 f00000000000 (box-whisker plot)

> plot(d$f, d$y) # note that d$f is factor type!
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how to specify GLM
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Generalized Linear Model

00000000 (GLM)

probability distribution
e NODODOO?
linear predictor
eJOOIOOO?

link function

eJODOTDODO?
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oooooooooooooooo

000000000, predictor of linear model

e 000D

e 000D

e 00

e00OOO
(00O0D)= 00

+ (00 1)x(@DOO0 1)

+ (00 2)x(@D00 2)

+ (00 3)x (D00 3)
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how to specify GLM

.GLM O0O0O0Oooooo

probability distribution, linear predictor and link function

ooboooooooocooogooon

00000000 loglinkO0O0O0O0O0O0O0OO
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oooooooooooooooo

how to specify linear model (LM as a GLM)
GLM OOOOOOOoODOoOooOooooooog
00000000 N
probability distribution ~ Gaussian distribution i°.
e JOODO ooon o
e 000D0: eg., b1+ Box; = S B PN
0000:(00) +(00) xa
link function identity link function
e 00O 0D0OOOOOO
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oooooooooooooooo

how to specify Poisson regression model as a GLM

GLM OOOOCOOOOOOOoOoOooOooOoOoOoOOO

goboogooood

probability distribution Poisson distribution !
e OO :OOO0ODOO ) og’ o
linear predictor _ 00 .-
e[10OMO: e.g., /61 + /ngj o L e
link function log link function

e J0OO0O:0DUOODDOO
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GLM OO oooooooooooooooo

how to specify logistic regression model as a GLM

GLM OOOODOOO logistic 0O0O0O0O0O0O0ODOO

googogoooooon

binomial distribution

good

probability distribution

e JOUODO

linear predictor
e 10O OO: eg., ﬁ1+,62$i
link function

e JUUDDO: logit 0O OODO

ooooo0 y

ooooooo
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obooboobooooboooon...

Joc T, seed number y; follows the Poisson distribution
T . .

000y 000 00O0O0O0OO0OO0O0o0OO0o0o0 o
ooooo

. : . Aiexp(—N;
e plys | A = 2PN

: yi!
mean

O0+«000 ODODOOOoOoODoOoooooooooo...?
i = exp(p1 + Bax;)

coefficient parameter
e 50 5,0 OO (OOOODOO)
body size no f;, for simplicity

e, 0000 00000f00000000
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oooooooooooooooo

GLM OO0OO0OOOO0OOO0OO0OO « @oon)

mean

gd:ogg N

Ai = exp(f1 + Ba;)
¢

linear predictor
log(A;) = B1 + B
log link function linear predictor

log(00)=00000

log link function

log0O0O0000O0DDODOOOOOOOOOOOODODODDOO

2018-06-25 29 /45

oooooooooooooooo

ROODOOODOUODOO (GLM) OOOO......

probability distribution  random number generation GLM fitting
oooo oooo GLM OO0ODO
(D) OoOoooooo rbinom() glm(family = binomial)
oooo rbinom() glm(family = binomial)
gooooo rpois() glm(family = poisson)
oooooo rnbinom() glm.nb() in library(MASS)
(0DD0) Ooooo rgamma () glm(family = gamma)
oooo rnorm() glm(family = gaussian)

e gim() 00D0D00OO00O0O0DODOOOODO
e GLMOOOO0OODDOOOOOODODOODOO0OO0O0OODODOO0OO0O00ODDO
goooooooooooooooa
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oooooooooooooooo

exponential function

ooooooooooo?

Ai = exp(B1 + Ba;)

\{B1, B2} :
v ={-2,-08} :

{B1, B2}
= (1,04}

000 N

0.0 0.5 1.0 1.5 2.0 2.5

oo 00000 a;
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oooooooooooooooo

a statistical model for this example

gobooobooboboad

gogooooood

Poisson distribution

probability distribution

e 10D :DOOOOOO
linear predictor : . .
e O0ODODO: B + Poxi B S T T

link function log link function

e OO 0DDOODDO
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function

glm() OO OO0

how to estimate GLM parameters > d
4 RO GLMOOOOOOOOOO ;e
1 6 8.31 C
Log-likelihood 2 6 9.44 C
goboobooobo ooboooooo

3 6 9.50 C

...0ooo...

numerical estimation with R

00000000000000000 99 7 10.86 T

100 9 9.97

Is that all?
oooo!
> fit <- glm(y ~ x, data = d, family = poisson)
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output
gln() 0000DO0O0O glm(O) 000 OO
+ N3 - .
%D%%*ﬁ%ﬂ]jéjj/l7 |\ ;Ej_'}l/it
fit) <- gll:ﬂ( REE ERDHDIBE > fit <- glm(y ~ x, data = d, family = poisson)
Y - IX, - : i all: glm(formula = y ~ x, family = poisson, data = d)
family = poission(link = "log"),
data = d Coefficients:
) i (Intercept) x
~ " (RPN
data. frame i VI BEBOEE (BEW) 1.2017 0.0757
e 0000 (00000 2): 00000000007 Degrees of Freedom: 99 Total (i.e. Null); 98 Residual
Null Deviance: 89.5
e link00: 00000 (y 00D 00007 Residual Deviance: 85 AIC: 475
e family: JO0OO0ODOODOOO?
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GLM i 000000000 000000000 EEEEEEEEEIEECEEEEEE!
glm() OO0DOOOODOO 0000000000000 (moooooooooo)

Bo (Estimate 0.0757, SE 0.0356)

> summary (fit)
Call:
glm(formula = y ~ x, family = poisson, data = d)

(Estimate 1.29, SE 0.364)

Deviance Residuals: Bl
Min 1Q Median 3Q Max
-2.368 -0.735 -0.177 0.699 2.376 0.‘0 0‘.5 1‘.0 1ﬁ5
Coefficients:
Estimate Std. Error z value Pr(>|zl) e 00 pl:l oooooob oboooooo
(Intercept) 1.2917 0.3637 3.55 0.00038

epOUODOOD ODOO ‘QIZIEIEIDDD[IEIEIEI

epd 0500000 000 pOODODOODO
(0:000000000D0O0DO00ODO0OODODObOODOO)

(nttp://g 000000000 2018 (<) 2018-06-25  36/45

X 0.0757 0.0356 2.13 0.03358
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model prediction

goooon

> fit <- glm(y ~ x, data = d, family = poisson)

Coefficients:

(Intercept) x
1.2917 0.0757

> plot(d$x, d$y, pch = c(21, 19)[d$f]) # data
> xp <- seq(min(d$x), max(d$x), length = 100)
> lines(xp, exp(1.2917 + 0.0757 * xp))

the figure shows the relationship
goooooooooboooooo

between model prediction and data

gooooooooooo

7 8 9 10 1 12
Ady
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incorporate the fertilization effects in GLM

ooooOo 0000000

seed number y; follows the Poisson distribution

000y 000 000000000000 O
ooooo

STET AViexp(—\;
" : Py | Ni) = =—7—— ,( )
dsx Yi-

Xi = exp(fB1 + Boxi + P3d;)
fertilization effects
e 350 J000DOO O
dummy variable

e ;0 OOOOO

coefficient

oo

di{o
1
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model prediction

x+ £f000000

> plot(d$x, d$y, pch = c(21, 19)[d$f]) # data

> xp <- seq(min(d$x), max(d$x), length = 100)

> lines(xp, exp(1.2631 + 0.0801 * xp), col = "blue", lwd = 3) # C

> lines(xp, exp(1.2631 + 0.0801 * xp - 0.032), col = "red", lwd = 3) # T

kubostat2018c (http://gc

numerical

Oooo0 +000 000000000

factor type

GLMOOODOOOOO

factor

How to incorporate design parameter

o. bobOobobhOobOobO bobobobooboooa
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output
glm(y ~x + £, ...) 0 0O0O
> summary(glm(y ~ x + f, data = d, family = poisson))
(@
Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) 1.2631 0.3696 3.42 0.00063
X 0.0801 0.0370 2.16 0.03062
fT -0.0320 0.0744 -0.43 0.66703
...... @moooaa) ...
000000000 2018 (c) 2018-06-25 40 /45

multiple explanatory variables

gobboobbooboboobboabo

® fi=0C: A\ = exp(1.26 + 0.0801x;)
T: A; = exp(1.26 + 0.0801z; — 0.032)
= exp(1.26 + 0.0801z;) x exp(—0.032)

° fi=
s
mEl
O
O
g+ control
O oo
o

gbooooooo

T T
5 10 15
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oood x;
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model interpretation depends on link function

obobOobobOobOobOobOooboonog

log link function

(A) DOooDoOoO

identity link function

(B) DOOOOODO

A=exp(f1 + faz +--+) A=P01+ o+ -

multiplicative

ooo

additive
ooo
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GLM O 0000000
Understand the Evolution of Linear Models!
dddoddddoddooooooo
The development of Llinear models
parameter
. . . estimation
Hierarchical Bayesian Model MCMC
Be more Generalized Linear Mixed
flexibl
e Model (GLMM)
MLE
Incoporating H H
NN Generalized Linear
such as individuality Mode L (GLM)
Always normal MSE
distribution?
That’s non-sense! Linear model
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probability distribution
gogo

link function

GLM: 00O ooooooood
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The next topic
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Model selection and statistical test
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