000000000 2018 (b)

probability distribution and maximum likelihood estimation

ugobooobooond

U000 kubo@ees.hokudai.ac.jp
0000000000 http://goo.gl/76c4i

2018-06-18

goboooobDo: 2019-07-18 15:42

kubostat2018b (http://goo.gl/76c4i) 000000000 2018 (b) 2018-06-18 1/42


kubo@ees.hokudai.ac.jp
http://goo.gl/76c4i
http://goo.gl/76c4i

ooo

agenda

ooooono I

U0 00000o0ooooon
An example: a distribution of seed number

@ Uooouoooooog
probability distribution, the core of statistical model

maximum likelihood estimation of parameter A
00000000

® Louodouoobooobob ooobg
ooooooooooooor

the functions of statistical model
o gooooooao
random number, estimation and prediction

goooboooobgn

kubostat2018b (http://goo.gl/76c4i) 000000000 2018 (b) 2018-06-18 2/42



http://goo.gl/76c4i

oooooo

HRERERERERERNRN
Jobbobooddtdi

Jooodb oot

kubostat2018b (htt

000000000 2018 (b) 2018-06-18 3/42


http://goo.gl/76c4i

oooooo

Understand the Evolution of Linear Models!

oboobooooooouoon

The development of Llinear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be mgre/x(}eneralized Linear Mixed

flexibte Model (GLMM) -
i;ﬁjﬂ;'i};ggts /& Generalized Linear
such as individuality Model (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model
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suppose that you have a “count data” set ...

obl,10,20000000000

0000000 (ye{0,1,2,3,---}0000)

response variable Y o o
o o
o o
<
e.g. egg 1]111]1])(‘1' 00 le)
(0O00000) o
o0 00 ©
e 9 (4 T 1
0.5 1.0 1.5 2.0
o xZ
e.g. body size explanatory variable
(0CO0oooo)

e U0 zO00DUO0ODLOODDyDDOOOOOODO
e J0OO0OODOOODODOOOOODDOOODOON......
e JJ00OOUODDODODODOOODOOY
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the normal distribution ... is NOT this one!

goboobooooobooog ... ooooo?

gooooboobooboooobgon

response variable Y o o
o] ° \ '
o o .
<~ _,f"’
_.--°¥ °ooooooooooooooo
T e 000000000000000
_LSeT 00 o ..00000000000000
< P> IO T 1
=5 1.0 15 2.0
o] x

explanatory variable

e JJ00OODODODOODOODDOOODO?Y
e yonooonoog ...
e JOODOOODDOY?
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the Poisson disribution approximates data

ooooboOobOoboooooooboooooo?
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response variable Y

o Iio
—| i
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explanatory variable
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Jooooddddnn
Plot your data and observe it
Jooooddbobbn
Choose proper distributons

Ooooooooooooag!

the normal distributon is NOT good at everything
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gboooobdgd 20 000404 e O
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googn
e J0: 0000
e J0O0O:0000
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O0: Doooooooooo An example: a distribution of seed number

2. 00:000d0obobuuaa

An example: a distribution of seed number

ROODODOOOOOoOOO
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O0: Doooooooooo An example: a distribution of seed number

a simplified data set, easy to understand

oboobooobotoobouoobooboodd

[ ]
number of seeds taken %

from 50 imaginary plants

r

gb:00o0o0oooooogoobooobogoo

gbobobobobobobobobobob......

kubostat2018b (http://goo.gl/76c4i) 000000000 2018 (b) 2018-06-18

11/42


http://goo.gl/76c4i

O0: Doooooooooo An example: a distribution of seed number

number of seeds per plant individual

000000 (0D0)oooooooood

gooogobooooooon
uoooooboooooogd Vo,

[} -
o : 00, esced number of i
individual 7 [

oo g 000 y
0O 5000 00 {y¢y0000ODOO!
i€ {1,2,3,---,50} it ={y1, 92, -, ys0}
r

00000 {y} 0000 ROODODODODOOODOODODO

goooooboooooood
> data

[11 2246452312043333427243334
[26] 3 753176465247226245451323
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O0: Doooooooooo An example: a distribution of seed number

R: a free statistical software
OO00o0d0o0od: ooooooono R
http://www.r-project.org/

R

eJO0OOO OSOUOOO free software
eJO000ODOOOOOOOO

e JOOOODOO
esO0O00O0DOOODOOOODOO

e RStudio http://www.rstudio.com/
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O0: Doooooooooo An example: a distribution of seed number
RStudio

File Edit Code View Plots Session Build Debug Tools Help I
> load("Fig/distribution/data.RData") 2 @ | B mportataset- | o Clear Liste
> sunmary(data) & Global Environment-
Min. 1st Qu. Median Mean 3rd Qu. Max. Data
0.00  2.60  3.60 3.5  4.75  7.00 d 100 obs. of 3 variables o
> hist(data, breaks = 0:9 - 0.5) RIS
> lines(0:9, 50 * dpois(0:9, lambda = 3.56), type = "b", col = "#ff400080", data num [1:50] 2246452312
ud = 4 :
N ) Functions
1sfont function ()
1sp function (package, all.names = TRUE, pattern.
passwd function (length = 8, cset = c(letters, LETT.
sw function (w)
& P zoom  Eexport+ @ Clear All
Histogram of data
.
.
H
$ o
g
v A4
.
I
T T
0 2 4 6 8
) .
http://www.rstudio.com/
Kubostats ob —U0—.
bostat201 http 00o00oo0ooOoo 2018 (b 2018-06-18 14 /42
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O0: Doooooooooo An example: a distribution of seed number

apply table() to categorize data

ROODOOOOOODODODOO

RD table() OO0OODOOOOOOODOOOO

> table(data)
0O 1 2 3 4 5 6 7
1 311 12 10 5 4 4

(000 50 500000060400 ... )
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O0: Doooooooooo An example: a distribution of seed number

start with data plotting, always

goboobooboooboooood

> hist(data, breaks

Frequency
? ? %0 1?

4
|

kubostat2018b (http://goo.gl/76c4i)

= seq(-0.5, 9.5, 1))
Histogram of data

gooooooooooooon
oggoo o ood

[ I I I |
0 2 4 6 8

data
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O0: Doooooooooo An example: a distribution of seed number

How to evaluate mean value using R?

> mean(data)

[1] 3.56

> abline(v = mean(data))

Histogram of data

— | 00o0oooooooooog
oooOo o ooo!

8 1P ﬁZ

Frequency
T e

.

data
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O0: Doooooooooo An example: a distribution of seed number

statistics to represent dispersion

gobooobooonond

sample variance

gboooob obooboo booboboobooobob: ooobo

> var(data)

[1] 2.9861
sample standard deviation
gooooo DDDDDDDDDD(SD:\/VaI‘iance)
> sd(data) o Hist_ogram of data
ooooooo
[1] 1.7280 ] 00000000: 000000

gooooooboobo.-0oooooo

> sqrt(var(data))
[1] 1.7280

Frequency
i

4
1

data
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00000000000 probability distribution, the core of statistical model

3. 0buoooooood

probability distribution, the core of statistical model

oobooboobooooobooon
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goooooooooo probability distribution, the core of statistical model

Empirical VS Theoretical Distributions
Oooooodoon odoo o
‘0O000000”0 0000 0
Oodoooodoooodod ood

prob
0.00 0.05 0.10 0.15 0.20
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goooooooooo probability distribution, the core of statistical model

empirical distribution

“Ooooooo” g ooon

> data.table <- table(factor(data, levels = 0:10))
> cbind(y = data.table, prob = data.table / 50)

y prob
o Histogram of data ~ 0 1 0.02
s 87 1 3 0.06
ze P A 2 11 0.22
g Se] 3 12 0.24
T ol 4 10 0.20
R s|° 5 5 0.10
0 2 4 6 8 ° 9 2 4 B 8 10 6 4 0.08

data y
e 000000 000000 00000000 [ § oo
godo 9 0 0.00
10 0 0.00

e JUUOODODOOOOD OOOO OO ...
‘O0b00oobooboobrbooogon
‘OO00b”00boobon

kubostat2018b (http://goo.gl/76c4i) 000000000 2018 (b) 2018-06-18 21 /42


http://goo.gl/76c4i

goooooooooo probability distribution, the core of statistical model

gooobooobo «cgbo»0oboobgag......

e jlO0O00O0OOODOOOOOOOOO?xY
e 10O y={0,1,2,---} 0000000
ODooodoooooddgogno?

e[ I1000OOODO0O
{po,p1,p2,- -, Pog, D100, - -~} 0O ODODO?7
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goooooooooo probability distribution, the core of statistical model

ooo0ooOoboOoboboooooboobooboboboooo?

e [ OUOUOUIOOUOUOO “OOOO”O
0o

e ‘JUOOO”LOULOUODLDODO

e[ OUOUOUOOUOLOUOLODULODUODLDODO
O (Oooobooooooo)
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goooooooooo probability distribution, the core of statistical model

Mathematical expression of the Poisson distribution

O000 (DoO000O0)00oooooogooo

probability
ooddyoogd 00 0O00000000O0O0O0000000d

factorial

ey0y0d OO ODOO0ODODOO401x2x3x40000000
god

® exp(—A) = e 000 (e= 2.718---)

e J0D0OODDOODLOODDOOODLOODDOODbDOODDO
bob0—000oobooooboooooooooooooon
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goooooooooo probability distribution, the core of statistical model

the Poisson distribution

Doooooboooooobooo?
D0000 ROODOOODOO

>y <= 0:9

> plot(y, prob, type = "b", lty = 2)

# 000000 (@ooo)
> prob <- dpois(y, lambda = 3.56) # 000000 O0O0OOOO

o o
ST e 00 (A O|356000
© | : “ Poisson disfribution 1
o o
g9 2
QC;* ° s 3
8] ‘ 4
S |, e 5
8 ° 6
3 T T T T I
S 0 2 4 6 8 7
y
8
9
10

kubostat2018b (http://goo.gl/76c4i)
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prob

.02843882
.10124222
.18021114
.21385056
.19032700
.13551282
.08040427
.04089132
.01819664
.00719778

2018-06-18

> # cbind OO0ODO0OO
> cbind(y, prob)
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goooooooooo probability distribution, the core of statistical model

the Poisson distribution represent data?

goboobooboooboooood

Histogram of data

o\

o

8 lIO 12
|

'
’

Frequency
°

4
|

0 2
L |
o
o
o

> hist(data, seq(-0.5, 8.5, 0.5)) # O0000000000
> lines(y, prob, type = "b", 1ty = 2) # JO0DOO0OOOOODOOO

kubostat2018b (http://goo.gl/76c4i) 000000000 2018 (b) 2018-06-18 26 /42


http://goo.gl/76c4i

goooooooooo probability distribution, the core of statistical model

parameter )\ is the mean of the Poisson distribution

Ooooboo AxD0O0O0OO0DOOO0O00d

d y6{07 17 27
oo

kubostat2018b (http://goo.gl/76c4i)

prob
I |

0.00 0.05 0.10 0.15 0.20

oo xODOOOoOooOoOoooooooooo
gooooogo axbcogoax>od
ooopoooOoooD: Ax=00 =00
,oc0o} 0000000000 yOOOOOODOOO 10

oo

Sply [N =1

y=0

000000000 2018 (b)

> # cbind 000000
> cbind(y, prob)

O 00 N O O W N

[N
o

~<

© 0 N O O WN = O

prob
.02843882
.10124222
.18021114
.21385056
.19032700
.135561282
.08040427
.04089132
.01819664
.00719778

O O O O O O O o O o

2018-06-18
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goooooooooo probability distribution, the core of statistical model

The Poisson distribution is useful if ...

Oo0o0oooboooooooooo?

00000000000 0000000D0000O:
e00D0DODODODOD w0 {0,1,2, ---}000

count data

ooooooooooooooooooond

ey, UUDODOLOOOOOOOOOOOOOOOON
godnd

mean = variance

eOODODLODODDDODODDODOODOODODODDODODO
. ooooooo
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goooooooooo probability distribution, the core of statistical model

A changes the shape of distribution

OooooooO x000004d

AV exp(—\)
py | A) = , A
y!
8_ lambda
a 3.5
7.7
3_ = 15.1
o
8o
55_Fj_ L
o - n
8_ . "
o - =
o n?
C{agdamnnl XYVY Y
o I I I I I
0 5 10 15 20

y
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oooooo oooooOoooooooov?

maximum likelihood estimation of parameter \
afula)afula)afs

4. 000ddouoobbouooooobn

OO00oO0DOOoboooooog?

“fitting” = “parameter estimation”

gobooboooobooobooon
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DoDooooooooooo?

ooo

00 (likelihood) OODOO?

maximum likelihood estimation 0

ooo
ooooo ghboodoboooooobooobon
gboooboodan

googoobooboogobooboobobon

Oooo0dooooooooo xdobooooooooo
goodness of fit
Oo0o00ooooOooooooooo xoooooao

00000000000 30000000000
{y1, v2, y3} = {2, 2, 4}000000000000000000
0.180 x 0.180 x 0.19 = 0.006156 00000000
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DoDooooooooooo?

likelihood L(\) depends on the value of mean, A

00 L(\)0OOO00O000 A000

ugbooooog

L(\) = (pD 200000)x (yp0200000)
x-x(yspd 300000)

= ply1 [ A) xply2 | A) xplys | A) x -+ x p(yso | A)
AViexp(—A)

= Hp(yi | A) = HT
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DoDooooooooooo?

evaluate not likelihood, but log likelihood!

goboobooooooouoon

gooon 00o0o00ooooooUon (oo
oool)

0000000000000 000000D00000 (log likelihood
function) 00 O

Yi
log L(A) =) <y log A — X\ — Zlogk)
k

i

0000 logL(A\)ODOOOODOD L(N)OOODDOOOOOO
oobobooobboobooooboboob AObooooobobooboboooDo
ubbooobuodgboboobobuooboobbooboobbodoboo
god
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DoDooooooooooo?

A changes the log likelihood, i.e., goodness of fit

AU00000O0DOOOOOOOOOO0d

kubostat2018

wo_
B

000000000 2018 (b)

lambda = 2.0 8 lanbda = 2.4 2 lambda = 2.8
log L = -121.9 log L = -109.4 log L = -102.0
R e
| 0
o o
| T T T 1 T T T T 1 T T T 1
0 2 4 6 8 0 2 4 6 8 2 4 6 8
lambda = 3.2 Bl lanbda = 3.6 B lambda = 4.0
log L = -98.2 log L = -97.3 log L = -98.5
ER ER
o o
T T T T 1 T T T T 1 T T T 1
0 2 4 6 8 0 2 4 6 8 2 4 6 8
lanbda = 4.4 8 lanbda = 4.8 8 lambda = 5.2
log L = -101.5 log L = -106.0 log L = -111.8
R =R
o o
T T T T 1 T T T 1
0 2 4 6 8 2 4 6 8

2018-06-18
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DoDooooooooooo?

seek the maximum likelihood estimate, A

Oooooooooo Ax0000

D000 logL(A) =Y, (yilogh — X — > ¥ log k)

log likelihood
1|10

T T T T T T
20 25 3.0 35 40 45 50

e 00000 (ML estimator): >, v;/50
e 00000 (ML estimate): A =3.56 000
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DoDooooooooooo?

no one knows “the true \” based on finite size data

Oo0ooooOoODooo0 AO0ooobon

oo a0 3s500b0poboboboob

| sogdooouooooon
1 L .. gooooo oecoonobooon
=4 “
S Oooooo AxO0O0oooooo
o
o_
o_

| | | | |
25 30 35 40 45

0Oooooooooo A
000o00o0ooooono Aoooooo
Oo0ooo s00000“0cboooo0”oooooooooogo
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the functions of statistical model

5. UOooOooood

random number, estimation and prediction

gobobobooooon

ooobooboooobooooo
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0O0oO0ooooo 0000000000

random number generation estimation
Ogood: 000 0 0O
gooboood
oOQ ooood
goooooooon ] A=3560000000
ooooooo 2 o
A=350000000 e %
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024y68 L_a'dl goooooono
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0O0oO0ooooo 0000000000

prediction

gobogooboobooon oo
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o0 000oo
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A=350000000 e %
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probability distributions appeared in the class

gotbooboooooood

000000: ye{0,1,2,3,---} 000000
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0000: —~co<y<ooOOODODOODOOOO
0000000 — 000000000

godobooobobtdoooooon
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e JOUODOODODODODODODODODODO

e JO0 0O0ODOODODOOLDOO ODODOODODOODOODODO
goooooooog
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The next topic
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Poisson Regression, a Generalized Linear Model (GLM)
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