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Jooooboobooboobogn:

HBM
Jooooogo

The development of Llinear models

parameter
Hierarchical Bayesian Model eﬁjgﬁ;‘é”
Be more/&Generalized Linear Mixed
flexibte Model (GLMM)
MLE
Incoporating Generalized Linear

random effects

such as individuality~ Model (GLM)

Always normal MSE

distribution?

That’ s non-sense! Linear model
oo
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Why? GLM is not enough ...

0oooo
© NODOOO yO
()
i ..0oooooooo
0 /\
R . 000

oooooo?

oooooooo
3 4
| |
(o]
(o]
\
/
(o]
(e}

00000 v

Jdododododgod!
Apply Hierarchical Bayesian Model (HBM)!
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ooo

ogooodn
example

© MCMC sampling 0000 OO

logistic regression: binomial distribution
® The same data, but applying Markov Chain Monte-Carlo

(MCMC)
00000 Markov chain Monte Carlo (MCMC) 0O O0O!
® Softwares for MCMC sampling
“Gibbs sampling” 000 0O00OOOOOOO......
oGLMM OODOODOOOOO
GLMM OOODOOODOO

estimation

e000000000 OO
000000 JAGSOOOOOO
600000000 (HBM)? or GLMM?

Model: HBM and GLMM are equivalent
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MCMC sampling 0000 logistic regression: binomial distribution

example

1. MCMC sampling 00 OO OO0

logistic regression: binomial distribution

and logit link function
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MCMC sampling 0000 oo logistic regression: binomial distribution

example seed survivorship, again

oo - gggouoooodoad

e JO000OUOO0OOOOOOODO 0000
e UU:0000DOO0OOOO

e JOOODOO 80O OODOO
goo

e UOOO:00D00OODODOO
gogd
e JUO0O:00 2000000 1600000D0ODODLDODO

e 7300000000 —0OO0O0ODOODOODDOODO

kubostat2017g (https://goo.gl/z9yCJY) 000000000 2017 (g) 2017-11-14 6 / 68


https://goo.gl/z9yCJY

MCMC sampling 0000 oo logistic regression: binomial distribution

obooooooogoonon

gooogoonb o1 2 3 45 6 7 8
gooogoonb 121 36 61 00

googo o
gobooon «+

N |

T T
0 2 4 6 8
gooooooog vy

00000000000000 (no individual difference!)

kubostat2017g (https://goo.gl/z9yCJY) 000000000 2017 (g) 2017-11-14 7 /68


https://goo.gl/z9yCJY

MCMC sampling 0000 oo logistic regression: binomial distribution

binomial distribution

good g0 ooon oo

survivorship

Ul bbb obogo
gooogd

U0 0 N;UDOO o, OO0 Uon

plo | )= (0 )arta ¥

7

o In this example ....

« J00O0O0O no individual difference
L I A A O N I
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MCMC sampling 0000 oo logistic regression: binomial distribution

ooo

Oo:200000000000000O0000

00000 {y} 0000000 DOODO
Ol g uugobouooug

likelihood

e O D 20000000UOLOOLOUODOOO
godoougn qDDDDDDDDDDD

L(ql{i}) Hp yi | a)

goooogoonb o1 2 3 45 6 78
gogouoog 12136 61 00
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MCMC sampling 0000 oo logistic regression: binomial distribution

log likelihood MLE

oot oodd oood

0000 L(g|0DDOD)0DD0D0DO0DODOoOooooooO
OO0 ¢gOOO0oon
o ooonoood

logL(g |ODOO) Zlog( Z)
Y

+Z{yz log(q — ;) log(1 - q)}

oo bbbbbbbbiol ¢q
oooooooooooon
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MCMC sampling 0000 oo logistic regression: binomial distribution

maximum likelihood estimation

0oo0oO0 (MLE) : 0000000

e J00D0 L(g|00D0)0D000O0ODODODOOOOO gODODOO
gooood

e« 0000logL(g|000) 0O

¢O0O0O0000 o000 ¢ =1
0000000 g
OlogL(q|000)/0g=0 8%

«0000 ¢0DOODODOO g

o
gbobooboogobogoobon 7]
HEN
oooon 73

i—————— " 6000
= Hoooo - 160
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MCMC sampling 0000 oo logistic regression: binomial distribution

fitting binomial distribution

oboobooobod 8000 gy g

G=046 000 (5)0.46¥ 0.54%7

opoooo
goooog

0 2 4 6 8
gooooooog vy
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NEV(GY(OWM 0000 Markov chain Monte Carlo (MCMC) 000!

2. The same data, but applying Markov Chain
Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 0O O O!

obo “cobobo”bobobuoboboboo
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B VTSN NV [ 0000 Markov chain Monte Carlo (MCMC) 000!

Maximum likelihood Estimation (MLE) vs. MCMC
oooboOoo0o: o000 MCMCOOoooono

0000000000 (booo)booooooo
gboooboon

Markov chain Monte Carlo (MCMC) 00000000
Metropolis Method (Metropolis method) O O O O O

oooooo.:goooobobooooono.....?

MCMCUOUOOUOOOODOODOoOooooooo
00000000 Metropolis Method DO DO OOODO
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Monte-Carlo (MCMC)

An example for MCMC

MCMC OOOOoooooognd

gooooooooo odo0:¢qO0Oooooonoo
log L(q) 0o
H g ST,
3 3
= — 2, N o,
2V &Yl < %
ER 8, < %
o o o °
T T T T < T T T T
0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6
o — gobodboogogn

N godd qeuuouuuoogg

(00000D0oooooooon)

_’.O ‘
—— ——
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Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 0O00ODO!

obooood g oouoobn

[]D[]D[]Q[]D[]D[]D[]D[]D[]D[]D

|
N
o
N
=

|
N
(o]
w
(o¢]
\ :

log likelihood

49 -48 -47 -46 -45
\ FSN

5

(o2}
R N

T i i | T
028 029 030 . 031 .032
q: seed sruvivorship

U o0obooboobooboboooboobooooboo

© 000000000000000000¢qO000000000
® 000000000000 (1),(2)000000
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B VTSN NV [ 0000 Markov chain Monte Carlo (MCMC) 000!

00000 Metropolis Method OO0 00

oD DDD ¢gUOOOOOO
(0000 ¢00DDD0 0.3)
eqUUUUIOO0O0O00OO00O0O0O0O0O0OO

(000000 ¢qO000 guew J0000D0)

®¢. 000000 L(g.)000000 L(g) 000

o L(gnew) > L(¢) (00O0D0ODOO): ¢4 gnew
o L(gnew) < L(¢g) (0ODODODO):

e 00 r= L(gnew)/L(q) O q + gnew
e 10 1—r0 qO0OODOOO

ol 2. 0000

(¢=0010 ¢=09900000000000DO0OOODOO)
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TNV YW 0000 Markov chain Monte Carlo (MCMC) OO00!

Metropolis Method 00O OO g 0000

.ooooo 0000000 (MCMC)
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I I I I I I I
0.28 0.29 0.30 0.31 0.32 030 0.31 032 033 0.34 0.35
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log likelihood
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o
N

log likelihood
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L
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Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 0O00ODO!

ooodoodoodoodood ¢ 00

Metropolis Method (0 OO OO0 MCMC) O
googogo

log likelihood
45 4
1 1
o
Q,
(e}
o

-50
1
o

O0O00oOoooooooooo?
qgUUOOOobooouobouobogd
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TNV YW 0000 Markov chain Monte Carlo (MCMC) OO00!

goboobd g oooaoogad

ooooooooo?

2
0.3 0.4 0.5 0.6

| | | | | | 0000000 q
0 20 40 60 80 100 ©oooood

MCMC OOOOOOO
ooooooboooboooooooogre
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TNV YW 0000 Markov chain Monte Carlo (MCMC) OO00!

gobooboooooooon

ooooooooo?

2
0.3 0.4 0.5 0.6

| | | | 0000000 g
0 200 400 600 800 1oo0 CHBOOOO

MCMC OOOOOOO

oooo...7
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Monte-Carlo (MCMC 00000 Markov chain Monte Carlo (MCMC) 0O00ODO!

oboobooobooooooogan

gooooo
OgO0OD0O00OO
..... oooooo

2
0.3 0.4 0.5 0.6

| | | | 0000000 g
0 20000 40000 60000 80000 ooooooo

MCMC OOOOOOO

oooooobooooboooooobooooo?
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Monte-Carlo (MCMC)

00000 Markov chain Monte Carlo (MCMC) 0O00ODO!

MCMC ODO0O0O0O0ooDooooooo?

00 L(g) O
0000 logl(q) pooooooQ

log likelihood

T T T T
0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6

goddddddgooooooooooooad

gobooboboooobooboooon
MCMCO “0000000000O0” (~00O0D0DODODO)
U bodgboboooodg bbogbood
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B VTSN NV [ 0000 Markov chain Monte Carlo (MCMC) 000!

MCMC OOOOO0Ooououog g b
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B VTSN NV [ 0000 Markov chain Monte Carlo (MCMC) 000!

(0OOOoOoOOO)

gob obbooobdoo oo ¢ obooooa

ODooooooooooooo?

~
=

©

1.98

0[3 0[4 0[5 0[6
q
e DODODOOO g=0.4500000--- DOOOOOOOOO
gooobboooo!

e U “g”ogg!
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

3. Softwares for MCMC sampling

“Gibbs sampling” OO O O0O0OOOODOODO......

doooobooboobooobooooon
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

OO000O0000 R... is it enough?

http://www.r-project.org/
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

The development of linear models

parameter
estimation

Hierarchical Bayesian Model MCMC

m"@e/R:\_Generalized Linear Mixed
flexible Model (GLMM)

MLE
Incoporating . c
random effects & Generalized Linear
such as individuality MOdel. (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

000 GLMM OO ROOODODODOO

-ROOUODDODO GLMM OODODUODODOO
googgd ...

e library(glmmML) O glmmML()
e library(lme4) O lmer()
e library(nlme) U nlme() (DO OOTO0O)

000 DODODbODODO GLMMOODOOOOO
U +dddddddddouuooooono oo
000 (00000o0ooOoooooo)

bbb bbboogoobbbbbooodn
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

ooooooboobooboo MeMcoooogz?

oeLUuuuonoO

e JU: 000O0O0O0O0DLOODLDOODOO
e JI:000DDOOOODDO MCMCOUUOODOOOODOOOO
o

® ROOOOO package

e J0:000D0D0O0O0ODODOOOD package OO0
e J0:0000OOOODO

® “BUGS” O “Gibbs sampler” OO O0O0O00O0O

e J0:0000O0O0O0O0OCOODOODOO
e JOU0DOOODOODOODOODODDOODO

e OO0 “Gibbs sampler” 00O 07
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

oooono MCMC OOOOOO

Ooooo MCMC

o« Metropolis Method: 00 0O0OO0OOOOOO0O
OO0 MCMC

e Metropolis-Hastings: O OO0 O

« Gibbs sampling: 000000000000
MCMC

e J0U0D (DODDUOUDOLD)DUIUODDOOOODOO an

efficient method for sampling of parameter values
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

Gibbs sampling 00007

e MCMCOOODODODOOOOO
e JO0OO0ODODODOOO MCMCOOOOOODOO
e J: 000000 By 0 By O Gibbs sampling

@ 500000000000

® 5 000000000000 00DOO0DOO0O By 0 MCMC
sampling 000 (OO OO0 OH)

® 54 0000000000000 DO0O00000 g, 0 MCMC
sampling 000 (OO OO

®2 -3 000000

e JUUOO 90ODOOOOO0ODO

kubostat2017g (https://goo.gl/z9yCJY) 000000000 2017 (g) 2017-11-14 32/ 68


https://goo.gl/z9yCJY

for MCMC ing “Gibbs sampling” 000000000000

0 0: Gibbs sampling (coooooooooo 90)

McMmc AiO0000000 pgooooood

step - ; N 1 ]V
el o Y el o !
o’ o o’ o
1 o] 2o o il
@0% @o% °
o o
3 b o
< @ 16 1.8 2&0 22 24 < @ -0.02 0.02 0.06
e i e i e
3 4 5 6 7 3 4 5 6 7

\J
step - \1, r N

° o
e o 4 o
2 ® ® ® ®
@ r—ary @ F—
@ oo ® o o
ofo o] q
< ° 16 18 20 22 24 < ° » 002 002 006
i N " N e
i 3 45 6 7 3 456 7
step - r v
° °
o o 2 o
® ® ® ®
3 o 2= o i
. @ oo @ o o
i ©ofo oo q
H L ° o« 16 1.8 20 22 24 +° » 002 002 0.06
i R " R s e
3 45 6 7 3 45 6 7

Y ...
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

000 “BUGS” 00O Gibbs sampler [ [

e BUGSOU (+00000)00D0O0ODOO
goobooboooood

« WinBUGS — OD0OODOOO...... ooooar?
« OpenBUGS — D ODODOOODOOODO?Y
«JAGS — 0000000000 OSOOOoag

«Stan — 0000000
— 0000000000 ...

e [J[ [ : nttp://hosho.ees.hokudai.ac.jp/~kubo/ce/BayesianMcmc . html
god..... BuGsooooo?
000000000 2017 (g) 2017-11-14 34 / 68
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Softwares for MCMC sampling “Gibbs sampling” 000000000000

OO00oobobOoO0O0O BUGSOOOOOOOO

T—4% Y[i]
EFHBEDOIEDEF
BUGS OODODOO
—IE5H T
dbin (q, 8) for (i in 1:N.sample) {
\ Y[i] ~ dbin(qg, 8)
HEFHEXq }
1 R i 43 7 \‘ q ~ dunif(0.0, 1.0)

gbooobobobobooboobooboob

BUGSOO: OOOOOOOODOOOO

Spiegelhalter et al. 1995. BUGS: Bayesian Using Gibbs Sampling version 0.50.
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

O0000 OSOO0OO00 JAGS 4.3.0

R core team 0O 0O O 0O Martyn Plummer OO0 0O OO
e Just Another Gibbs Sampler

e C++0OUIODODONO

e ROODOUOOODODOOODODOODO

e Linux, Windows, Mac OS X OO0 0O0OOO0OO
e ODOO
e ROODODOD: library(rjags)
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Softwares for MCMC sampling

JAGS OO RO

jufuy|

BUGSE 3

F—BE
INSGA=5— 7
DHIERE "

AV
DFEM
Input

kubostat2017g (https://goo.gl/z9yCJY)

000000000 2017 (g)

“Gibbs sampling” 000000O0O0O00O0OO......

“Oooo”boboooo

MCMC sampling from
posterior distributions
FBDMHSD
ST LY YT

Trace of beta[1] Density of beta[1]

i o]
=4 ]
B <]
2] =a
0] o7 .
LT T T T T T T ST T T T T T T
T 0 500 1500 2500 1515 1525 1535 154.
—_ Iterations N=3000 Bandwidth = 0.0479
Trace of beta[2] © Density of beta[2]
~— <7
4 oy
-] S
-] o
T T T T T T T © T T T T T T
0 500 1500 2500 3 4 5 6 7 8
Iterations N=3000 Bandwidth = 0.08514

Output
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Softwares for MCMC sampling “Gibbs sampling” 000000000000

ROO JAGS ODOOOODOOOOOODOOO (1/ 3)

library(rjags)
library (R2WinBUGS) # to use write.model()

model.bugs <- function()
{

for (i in 1:N.data) {

Y[i] ~ dbin(q, 8) # UOOODOOODOO

}

q ~ dunif(0.0, 1.0) # q UODOODOOODODOO
}
file.model <- "model.bug.txt"
write.model(model.bugs, file.model) # DO DO ODOO

# 0odog......
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

ROO JAGS ODOOODODOOOOOODOOO (2/ 3)

load("mcmc.RData") # (data.RData [0 O[O mcmc.RData!!)
list.data <- list(Y = data, N.data = length(data))
inits <- list(q = 0.5)

n.burnin <- 1000

n.chain <- 3

n.thin <- 1

n.iter <- n.thin * 1000

model <- jags.model(
file = file.model, data = list.data,
inits = inits, n.chain = n.chain

# OJO0ooofdo......
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

ROO JAGSOODOOOOODOOOOODOO (3/3)

# burn-in

update(model, n.burnin) # burn in

# 000000000 post.meme.list OO0
post.mcmc.list <- coda.samples(
model = model,
variable.names = names(inits),
n.iter = n.iter,
thin = n.thin
)
# 000
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©
O o
O
O w
o ©
D«
U o
0
0 g 00000000
0000000 000000 _
T T T T I
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MCMC step O
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

gobooobooooooooood

| R=10190 MCMCDOOOO chaing ——

chain 2 —

I:l 7 chain 1

R=25200 MCMC OOODO

]

O

O

CE)* 0o
) !

= googg!

T T T T T T
40 60 80 100
MCMC step O
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Softwares for MCMC sampling “Gibbs sampling” 000000O0O0O00O0OO......

00000 R(0OOO0OO0) 00

e gelman.diag(post.mcmc.list) —Q0ood
e R-hat J Gelman-Rubin 000000000

5 var® (¢ly)

R =
) W1 1
o vart(yly) = = +-B

oW . OOOOOOO variance 00O O

B: 0000000 variance
Gelman et al. 2004. Bayesian Data Analysis. Chapman & Hall/CRC

(¢]

o
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Softwares for MCMC sampling “Gibbs sampling” 00000000000O......

Gibbs sampling — 0000000

e plot(post.mcmc.list)

Trace of q Density of q
o
—
n
o
o o
©
o
<
O. q- —
o) N
™
o o o A
T T T T T T T T T T T T T
1000 1400 1800 0.30 0.40 0.50 0.60
Iterations N =1000 Bandwidth = 0.0083¢

kubostat2017g (https://goo.gl/z9yCJY) 000000000 2017 (g) 2017-11-14 44 / 68


https://goo.gl/z9yCJY

GLMM 000000000 GLMM O0OOO0ODOOO

4. GLMM O00O00OO0OD0OOO0O0OO

GLMM OOODOOOOO

hierarchical Bayesian

goooooooood
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Binomial distribution can NOT explain the DATA!
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individual difference
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e alalelailz]s
O0000000DODO: Modeling of individual

difference

U0t bboobobuoog
0o

000 N,0O0OO ¢, DOODODODOOOODODODOO

N\ . .
)ng(l — )"

7

p(yi | @) = (
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L oooonobbbbbboud gLboO0
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OO00000000 logisticOOUOOOOOOO

0000 ¢=9q(z) 0000000000
q(z) =1/{1+exp(—2)} O OO
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number of parameters sample size
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suppose {r;} follow the Gausssian distribution
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prior
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priors
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hierarchical prior
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Grobal and local parameters in the model

goboobtooboooboooouooooad

E{&X 3 data

individual
{E{X 1 data

{&{X 2 data

,__

{rl, D@ rlOO} v g
local parameter global parameter
random effects fixed effects
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GLMM 000000000 GLMM 00000000

choose proper priors: non-informative and hierarchical priors
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non-informative prior
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non-informative prior
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O0000000D00O: Hierarchical and non-informative priors
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estimation
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O0O0O0OoooonD BuGSOdOooooono
model
{
for (i in 1:N.data) {
Y[i] - dbin(qlil, & 7 7 FMESEOOS
logit(qlil) <- a + r[i] 7

¥ N SEAH EMOREEE
a ~ dnorm(0, 1.0E-4) gk Al rlil <o
. ERiofH ¢
fOI‘ (1 in 1 . N . data) { EELEDEY a hyper tS 1@{2’;%0)
parameter o ~
r[i] ~ dnorm(0, tau) EISRER ST ﬁ pad 52X
} ! A EERERS T
(BERIDH)

tau <- 1 / (s * s)
s 7 dunif (0, 1.0E+4)
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JAGS U0 0DO0ODO0O0O0OOnoOonDooboO

> source("mcmc.list2bugs.R")

# 0J0oboooooooo..

> post.bugs <- mcmc.list2bugs(post.mcmc.list) # bugs 00O OO0

3 chains, each with 4000 iterations (first 2000 discarded)
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bugs UUOUOOOOO post.bugsU 00O

e print(post.bugs, digits.summary = 3)

e J0UUDO B% 00000 0UO0OOUDOO

3 chains, each with 4000 iterations

n.sims = 3000 iterations saved

mean
a 0.020
s 3.015
r[1] -3.778
r[2] -1.147
r[3] 2.014
r[4] 3.765
r[5] -2.108
o)
r[99] 2.054
r[100] -3.828

sd
.321
.359
.713
.885
.074
.722
L1111

R B, Bk O P, OO

1.103
1.766

2.5Y%
.618
.406
.619
.997
.203
.998
.480

.184
.993
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25%
-0.190
2.757
-4.763
-1.700
1.282
2.533
-2.775

1.270
-4.829

50%
0.028
2.990

-3.524
-1.118
1.923
3.558
-2.047

1.996
-3.544

(first

75%
0.236
3.235

-2.568
-0.531
2.648
4.840
-1.342

2.716
-2.588

000000000 2017 (g)

97.5%

.651
.749
.062
.464

4.410

.592
.164

.414
.082

=R R R R s e

Rhat
.007
.002
.001
.001
.001
.001
.001

.001
.002

2000 discarded), n.thin

n.eff
380
1200
3000
3000
3000
3000
2300

3000
1100
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Trace of a Density of a
0 ] ]
c ] 3
o ]
- | o -
7 = J— T T T
0 200 600 1000 -1.0 0.0 05 1.0
lterations N =1000 Bandwidth =0.06795
Trace of s Density of s
o 7 o ]
< o ]
o 7 o
N (<2 L T T T
0 200 600 1000 2.0 3.0 4.0 5.0
Iterations N =1000 Bandwidth =0.07627

kubostat2017g (https://goo.gl/z9yCJY) 000000000 2017 (g) 2017-11-14 65 / 68


https://goo.gl/z9yCJY

ooooooooo 00 000000 JAGS OOOOOO

obooboooooobouooboooodd

e post.mcmc <- to.mcmc(post.bugs)

e 0D matrix U0 OO0 DOOOODOOODOOODOOODO
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00000000 (HBM)? or GLMM? Model: HBM and GLMM are equivalent

6. 00000D00OO (HBM)? or GLMM?
Model: HBM and GLMM are equivalent

Estimation: NOT equivalent
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HRERERE

The next topic

odododoubodouogo

Hierarchical Bayesiam Model (HBM) & Time Change Model

The development of linear models

parameter
Hierarchical Bayesian Model e,s\;,g;;lg"
Be more Generalized Linear Mixed
flexibte Model (GLMM)
MLE
Incoporat ing Generalized Linear

random effects

such as individuality™~= Mode L (GLM)
Always normal MSE
distribution?
That’s non-sense! Linear model
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