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Poisson regression, a generalized linear model (GLM)

goboobod: oboooo
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00000000 http://goo.gl/76c4i
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gopoooooboo: 2017-11-07 15:43
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ooo

agenda

ooooono I

Poisson regression
ol UIOOODOOO

response variable  explanatory variable

ugbobod vy O ubood «x

euUUiioobboo:-booobooboaon

Oo00o0oO0obOoOobooOooobooobobogooooo?

how to specify GLM
eGLMIOIDOOODODOOO

probability distribution, linear predictor and link function

goooooogogoooong

ORI GLMOIDOOODOOOODOO
gbooooboobooboooboogod

@@L U000 000D00O0 DouOoouooooooo
factor type

GLMOODOOOODO
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agenda

oooooo II

Normal distribution
and identity link function

gobobooaoboabooad

ooo

Poisson distribution
and log link function

OOoO0o0oO00OlegOODOOOO

ooooo ooooo
o o o Jjo
—| —| 1
§ ° =N © OII
o o o /o
-~ ’
<~ ’_r’ < 'l
Log og# o
- Pra
[ /_,' x o x /4
/,oe’ oo o [ele} ___gg/b
e >0 SO T 1 e al 000 T 1
otde 5 1.0 1.5 2.0 05 1.0 1.5 2.0
o -
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ooo

obooboooooobouooboooodd

http://goo.gl/Ufq2

HeEL HROHE

gboboodgodg 3g oooobo

00 (GLM)ODOO0OO0Oooooooo S SRR D 7DD

#EtET I AM
e JO: 0OODO —BARBETN - B4 ZEPH - MCMC
e I0O:0OOO
AR
e 2012-05-18 0 O
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ooo

Oo0ooooboooboooo?

Generalized Linear Model

0oo0ooooo (GLM)
000000 (Poisson regression)
000000000 (logistic

regression)

. 0000 (linear regression)
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00D000000D0O0O0 - 0oOoo y 0O 0000«

Poisson regression

1. 0ggoboooooooo

response variable explanatory variable

bbby O 0000 =z

goboobOoobooooobooon
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00D000000D0O0O0 - Dooo oy 0O 0000«

statistaical models appeared in the class

goboooooooooouoon

The development of linear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be m9re/&Generalized Linear Mixed

flexibte Model (GLMM) .
i;ﬁgg;“i};ggts /& Generalized Linear
such as individuality Mode[ (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model

Kubo Doctrine: “Learn the evolution of linear-model family, firstly!”
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00D000000D0O0O0 - Dooo oy 0O 0000«

suppose that you have a “count data” set ...

otl,10,20000000000

0000000 (ye{0,1,2,3,---}0000)

response variable Y o o
odgno 7 °
o o
<
e.g. egg number oo o

(O00000) &

° 9 Ot T 1
0.5 1.0 1.5 2.0

o X
e.g. body size explanatory variable
(0ooooo) 0ooo

e JUOOD x00000D00ODOODyDLODODODOO
e JOOOOODOOOOODODDOODOOODOODO......
e JO0OODOOODDODOOOODO?
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00D000000D0O0O0 - Dooo oy 0O 0000«

the normal distribution ... is NOT this one!

gobooboooobooog ... ooooo?

obooooooooooooooooo

response variable Y o o
RESISIRRS o N O |
o0 o .
<~ —_,a"
_.--°¥ °coooooooooooooo
1 L = gooooooooooooboog
_SeT 00 o ..00000000000000
e >o0@ o0 T 1
PPl 1.0 15 2.0
o] x
explanatory variable
gooad

e J0O0ODOOUDDOODOOODDOO?
ey O0OODOODO ...
e JOOOOOODO?
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00D000000D0O0O0 - Dooo oy 0O 0000«

the Poisson disribution approximates data

oooooOobOoboooooooboooooo?

gboobgooboobooboboobooobo

response variable Y

o /'o
oooog o °/ Y ES'
o J (¢} °

<

og# o
4
N ””
oo [oQ.-0
o CLERT =560 T ]
05 1.0 1.5 2.0
o X
explanatory variable

goobn
e JO00OODODOODODOODOO fair distribution

e IO UOUUOOONODODNO non-negative mean
o D |:| D l:l D |:| D l:l D D l:l l:l D D l:l D |:| D bye-bye, the normal distribution
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go0o00000: 00000000000 0000o0O000O0O0OOoOOO0oOOoOooOoOooo?

2. 000000000: 0000000 obbod

Ooboooobooooooooboboobooooy

Modeling number of seeds of plants using GLM
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go0o00000: 00000000000 000000000 00000O0O0oOooooooo?

body size x and fertilization f change seed number y?

goboooooogobouoobooon

oo s
[ ]
response variable seed number oo [ ] ....
e DODD : 0OOO {y} D000 AN
explanatory variable c:ooon Yi
e [HOOO - T: 0000
body size
e D000
fertilization *
e 0000 {f;} ooooooo

‘DDDDDDD

sample size

goo
control

e OO0 (fi=C):50sample (i € {1,2,---50})
treated

e 0DOO (fi =T): 50 sample (i € {51,52,---100})
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go0o00000: 00000000000 000000000 00000O0O0oOooooooo?

Reading data file

obooobooobooon

data: http://hosho.ees.hokudai.ac.jp/~kubo/ce/EesLecture2017.html#tocd

Q gooon
data3a.csv 0 CSV (comma data frame d 0 0 O
separated value) format file 0 0 0 O -
ROODOOODOOOOOoooooO:

y x f
1 6 8.31 C
6 9.44 C
> d <- read.csv("data3a.csv")
3 6 9.50 C
0000 40000000 data R
frame (00 0O0000) 0000 99 7 10.86
00 100 9 9.97
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data framed DO 0O0O: OOOOO0OO

> d$x
[1] 8.31 9.44 9.50 9.07 10.16 8.32 10.61 10.06
[9] 9.93 10.43 10.36 10.15 10.92 8.85 9.42 11.11
...0oooo...
[97] 8.52 10.24 10.86 9.97

> d3$y
[1] 6 6 61210 4 9 9 911 6 10 6 10 11 8
[t17] 3 8 5 5 411 510 6 6 7 9 310 2 9
...0goo...
[971 6 8 7 9
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0000Ooo000000000000000007
data framed OO 0O0O: “O000” OOOO

ubobooooboooooo foo0booboobboan

> d$f
[f]cccccceccecceccececcecececcececececceccecceccecceccc
[26 CCCCCCCcCCcCcccccececcececcecceccecceccecceccc
B TTTTTTTTTTTTTTTTTTTTTTTTT
[76] TTTTTTTTTTTTTTTTTTTTTTTTT
Levels: C T

data type: factor levels
goodoo - gooob0 Do oooooad

levels

gbooocoTO 200
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nialufafalalululafRalalalslalalulalslslsll OO O COC0O000000000000000007
data type and class

RODODODDODODOOOOOOO

> class(d) # d 0 data.frame OO0

[1] "data.frame"

> class(d$y) # y UODUODODOO integer OO O

[1] "integer"

> class(d$x) # x UOOOOOOODO numeric OO0
[1] "numeric"

> class(d$f) # 00O 0O f OO factor O OO

[1] "factor"
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go0o00000: 00000000000 0000o0O000O0O0OOoOOO0oOOoOooOoOooo?

data frame [0 summary()

> summary(d)
y

Min. 1 2.00
1st Qu.: 6.00
Median : 8.00
Mean 1 7.83
3rd Qu.:10.00
Max. :15.00

Min.

1st Qu.:

Median

Mean

3rd Qu.

Max.

kubostat2017c (http://goo.gl/76c4i)

: 7.190 C:50
9.428 T:50
:10.155
:10.089
:10.685
:12.400

000000000 2017 (c)
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O0000O0000000! Generate Data Plots! Always!

> plot(d$x, d$y, pch = c(21, 19)[d$f])
> legend("topleft", legend = c("C", "T"), pch = c(21, 19))

® O

—\ O

lIO 12 14

dsy
:

L] L]
* o
o e o e L]
o wWoom *
e e®moecH® O L]
® ®0 e & 0O *

©o . DDD
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000 f0000000000 (box-whisker plot)

> plot(d$f, d$y) # note that d$f is factor type!

o
3_ o
-
N - .
: |
. .
o_| : .
— '
.
o0 -
© - T
: j
. ,
i :
< - , .
: i
[
i
~ [
T I
C T
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GLM 00000000 B - 00000D000000D0O0O0O0O0

how to specify GLM

. GLMOOD0OOOonog

probability distribution, linear predictor and link function

gobbboooobboboooon

00000000 leglinkOOOOOOOOO
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GLM 00000000 B - 0000000000000000

how to specify GLM

oboooboooooad

Generalized Linear Model

00000000 (GLM)

probability distribution

. 0Ooooag?

linear predictor

.Oo0ooog?

link function

.O00nooog?
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GLM 00000000 B - 0000000000000000

how to specify linear regression model, a GLM

GLM O0O0OO0OO0OOOOOOODbOOoObOoOooDog

Jooooogo

probability distribution ~ Gaussian distribution

- oo - oo ) P

[ ] I:l I:l I:l I:l I:l eg7 /31 + /BQZUZ N_J, .... 5/— 15 1‘.5 z‘.o

O000:(00)+(00) xa;
link function identity link function

cUObOUbO:0ugboobod
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GLM 00000000 -

00 « 00 (0O0?) 0000000000

e 00: 000D (response variable)

e J0O: 0000 (explanatory variable)

e JOOOO (linear predictor):

(D0DO0DOD0OD0O)= 00 (00O, intercept)

kubostat2017c (http://goo.gl/76c4i)

+ (0O 1)x (0000 1)
+ (00 2)x (0000 2)
+ (0O 3)x (0000 3)
n

000000000 2017 (c) 2017-11-14

0000000000000000
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GLM 00000000 B - 0000000000000000

how to specify Poisson regression model, a GLM

GLM O0O0OO0OO0OOO0OO0ODOOODbOOoOobOoOobooon

Joogooggod

probability distribution Poisson distribution © o °I,":
O - ooogdn i
linear predictor 00_66699-‘{
° |:| |:| |:| |:| |:| eg7 /61 _|_ /323;,2 NJ 05 1.0 15 2.0
link function log link function

OO0 gongoood
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0000000000000000

GLM 00000000 B

how to specify logistic regression model, a GLM

GLM 0000000 legisticDOOOOOOOOO

o]

Juoogbooguoogbood

<
. . . . . El
binomial distribution O
O-
(]
(]

o
probability distribution

- o - ooon

~o e

linear predictor

oDDDDDZG.g.,51+ngi
gooboog a

link function

.O0000: logit 0OOOO

kubostat2017c (http://goo.gl/76c4i) 000000000 2017 (c) 2017-11-14 25 / 47


http://goo.gl/76c4i

ROIODODOODOOOD (GLM) OOOO......

probability distribution  random number generation GLM fitting
good good GLM ODOOO

(D0) ODoDoOoooo rbinom() glm(family = binomial)
oood rbinom() glm(family = binomial)
gooood rpois() glm(family = poisson)
oooooo rnbinom() glm.nb() in library (MASS)

(D0) Doooo rgamma () glm(family = gamma)
oood rnorm() glm(family = gaussian)

e sim() O0ODODOOOCOODODODOOOOOO

e GLMOIODUOUOOOOOOOOOOOOODODODDODDOOOOODODOODOOOCODODDO
goboooooooboooooooo
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Ooddddgoooooodd...

j . seed number y; follows the Poisson distribution
) ) ob0d gy 000 OOODhUoooboooob o

| L ooooo

dEmeE A exp(—Ad)

B e N pyi | i) = ~——7——=
dsx Yi-
mean

00000 v OOOoOoOoooooooooooooao......?
i = exp(f1 + Pax;)

coefficient parameter

5030 00 (DODOOOD)
body size no f;, for simplicity

er; 0000 000ODO0Of/[O0DO0O0D0ODOODO
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GLM 00000000 B - 0000000000000000

exponential function

ooooooooooo?

Ai = exp(B1 + Box;)

‘\{51,52} {61, B2}
\ ={-2,-08} : —{-1,0.4}

oo 0 N

0.0 0.5 1.0 1.5 2.0 2.5

o :g00o0og

kubostat2017c (http://goo.gl/76c4i) 000000000 2017 (c) 2017-11-14 28 / 47


http://goo.gl/76c4i

GLM O0O000D0DDDODODOO « @ooo)

mean

00000 N

Ai = exp(B1 + Bo;)
()

log link function linear predictor
log(Ai) = p1+ Bazi
log link function linear predictor

log(0O0)=00000

logODOD0OODOOOOOOODOODOODODOOOOOOODOO
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GLM 00000000 B - 0000000000000000

a statistical model for this example

goboooboooooood

Jooooodogo

probability distribution Poisson distribution

s OO oo

linear predictor ° “’ '.W'.':D . o
.O00000: By + Box; S
d$x
link function log link function

cUOOUbO:0ugboobd
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RO GLM O000O0O00O0O0OO go0oO0o0OO0O0O0OO0OO0OO0OO0O0OO00OO0O0

4. RO GLIMOOOOODOOOOO

gogbbbogobobbooooobooo

gopboobooooboooooooon
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RO GLM O000O0O00O0O0OO O0000DO000OO000O0OO000000

function

glm() 00O OOO

> d

y x £
1 6 8.31 C

6 9.44 C
3 6 9.50 C
...goog...
99 7 10.86 T
100 9 9.97

Is that all?

oooo!
> fit <- glm(y ~ x, data = d, family = poisson)
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RO GLM O000O0O00O0O0OO O0000DO000OO000O0OO000000

gim() JOOOQOQOQOO
BREBMIZA TV b EFIR

Fit)<-(glm( = F HEA T DIRE
vV ~ X,
family = poission(link = "log"),
data = d

data. frame DIEE V¥ 7BEBOEE ()

e J0UD (DOOUD 2):000000DOODO?
e link U0: 00000 (y) DODO DODODO?
e family: 0O DO OOODOOODO?Y
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RO GLM O000O0O00O0O0OO go0oO0o0OO0O0O0OO0OO0OO0OO0O0OO00OO0O0

output

glm() OO0 OO

> fit <- glm(y ~ x, data = d, family = poisson)

all: glm(formula = y ~ x, family = poisson, data = d)

Coefficients:
(Intercept) X
1.2917 0.0757

Degrees of Freedom: 99 Total (i.e. Null); 98 Residual
Null Deviance: 89.5
Residual Deviance: 85 AIC: 475
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gln() 000000000

> summary (fit)
Call:
glm(formula = y ~ x, family = poisson, data = d)

Deviance Residuals:
Min 1Q Median 3Q Max
-2.368 -0.735 -0.177 0.699 2.376

Coefficients:

Estimate Std. Error z value Pr(>|zl|)
(Intercept) 1.2917 0.3637 3.55 0.00038
X 0.0757 0.0356 2.13 0.03358

...... @oooo) .
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I < SRR 00 000000000000000
000000000000 (coooooooooo)

Po (Estimate 0.0757, SE 0.0356)

(Estimate 1.29, SE 0.364)
A

0.0 0.5 1.0 1.5

.00 p0 0000000 0DO0O0OO0OODO
.p00000000 OO0 AO0DO0OOOOOO0O
.p0 0500000 000 A0O00OO0OO

(0: 0000000000000 0OoooDooooOOooon)
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RO GLM O000O0O00O0O0OO O0000DO000OO000O0OO000000

000000000000 (coooooooo?)
P (Estimate 0.0757, SE 0.0356)

J/\ (Estimate 1.29, SE 0.364)
A

\ \
1.0 1.5

U0 %% U0U0000000D0O0DO —0O00
goog

s000D000DOO0DODODODO?
oo boobbuoooo
oo ... goooo......
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RO GLM O000O0O00O0O0OO O0000DO000OO000O0OO000000

model prediction

goooon

> fit <- glm(y ~ x, data = d, family = poisson)

Coefficients:
(Intercept) X
1.2917 0.0757

> plot(d$x, d$y, pch = c(21, 19) [d$£f]) # data
> xp <- seq(min(d$x), max(d$x), length = 100)
> lines(xp, exp(1.2917 + 0.0757 * xp))

the figure shows the relationship
gooobobooooooobooo

between model prediction and data

gooooobooobod

10 1‘2 14

dsy

Ady
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00000000000 oOo0O000000000 GLM O DDEIEIDVD*D

. b oooooon bbhbouooooobod

factor type
GLM O OOOOOOO

ubo +00b0 obbooboon
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00000000000 oOo0O000000000 GLM O EIEIEIEIEIUEI‘D

incorporate the fertilization effects in GLM

Oo0ood 0000000

j c . seed number y; follows the Poisson distribution
) ) o000 w000 ODOODOOooOoooooo g

8o ST .l 0000

L w E D-m"' . )\yz exp _)\

B S S S p(yi | Ai) = = 1( !
dsx Yi-
mean

00 ;000 MOOOOOOoOoo
\i = exp(By + Box; + Bad;)

fertilization effects coefficient
e S0 O0OOODOOO O od

dummy variable

e ;0 0ODOOO

g4 0 (i=chnn)
|1 (i=TDODO)
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00000000000 oOo0O000000000 GLM O DEIEIEIEIVD*D

output

glm(y ~x + £, ...) O OO

> summary(glm(y ~ x + f, data = d, family = poisson))

...
Coefficients:

Estimate Std. Error z value Pr(>|z|)
(Intercept) 1.2631 0.3696 3.42 0.00063
X 0.0801 0.0370 2.16 0.03062
fT -0.0320 0.0744 -0.43 0.66703
...... (oooog) ...
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00000000000 oOo0O000000000 GLM O EIEIEIEIEIVD‘D

model prediction

x +f 000000

> plot(d$x, d$y, pch = c(21, 19)[d$f]) # data

> xp <- seq(min(d$x), max(d$x), length = 100)

> lines(xp, exp(1.2631 + 0.0801 * xp), col = "blue", lwd = 3) # C

> lines(xp, exp(1.2631 + 0.0801 * xp - 0.032), col = "red", lwd = 3) # T

L]
- .
o L]
f:{— o . o
o e o L] L]
‘C_>|_
&
T 00—
o
< —
o o .
N — o
T I I I I
7 8 9 10 11 12
d$x
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multiple explanatory variables

goboooooogobouoobooon

e fi =C: \; =exp(1.26 + 0.0801x;)
o fi=T: \ = exp(1.26 + 0.0801z; — 0.032)
= exp(1.26 + 0.0801x;) x exp(—0.032)

0000000 exp(—0.032) O

s ooooooooooo!
O

O

]S+ control

O |Oooo

fertilization

goon
10—
T T T I
5 10 15 20
goodd
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model interpretation depends on link function
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probability distribution link function
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statistaical models appeared in the class
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statistaical models appeared in the class

goboooooooooouoon

The development of linear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be m9re/&Generalized Linear Mixed

flexibte Model (GLMM) .
i;ﬁgg;“i};ggts /& Generalized Linear
such as individuality Mode[ (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model

Kubo Doctrine: “Learn the evolution of linear-model family, firstly!”
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The next topic
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Model selection and statistical test
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