000000000 2015 (b)

probability distribution and maximum likelihood estimation

ogooooooand

U000 kubo®@ees.hokudai.ac.jp
0000000000 http://goo.gl/T6c4i

2015-07-08

goboooooo: 2015-07-08 17:27

kubostat2015b (http://goo.gl/76c4i) 000000000 2015 (b) 2015-07-08 1/52


kubo@ees.hokudai.ac.jp
http://goo.gl/76c4i
http://goo.gl/76c4i

ooo

agenda

ooooono I

O@00: 0000 (dice)DOOODOOOO
Probability distributions as parts of model

@UU:00000b0oooon
gbooooboobooooobooog

@ oooooooogd
probability distribution, the core of statistical model

maximum likelihood estimation of parameter A
00000000

O L00odooooboooboob oooba
ooopoooooooooog?

the functions of statistical model

(5] oooobooon

random number, estimation and prediction
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0ooooo

statistaical models appeared in the class

obooobooooooouoon

The development of Llinear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be m<_>re/&Generalized Linear Mixed

flexibte Model (GLMM) -
i;‘;ggﬁ'g};zgts /& Generalized Linear
such as individuality~~ Mode L (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model

Kubo Doctrine: “Learn the evolution of linear-model family, firstly!”
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suppose that you have a “count data” set ...

obl,10,20000000000

0000000 (ye{0,1,2,3,---}0000)

response variable Y o o
o o
o o

(e]e) o

° 9 (4 T 1
0.5 1.0 1.5 2.0

o T
explanatory variable

e JUOUUO z0DbUO0ODLOUODLDDOyOOODLOOODOO
e JOOOOODOOOOODODDOODOOODOODO......
e JO0OODOOODDODOOOODO?
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the normal distribution sucks!

goboboooobooog ... ooooov?

gooooboobooboooboobogon

response variable Y o o
o] ° \ '
o o .
<~ _,ff”
_.--°¥ °coooooooooooooo
T e 000000000000000
_SeT 00 o ..00000000000000
< A= IO T 1
=5 1.0 15 2.0
o] x

explanatory variable

e J00IODOODOOODDODODOOODO?Y
ey O0OODOODO ...
e JOOOOOODO?
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the Poisson disribution approximates data

ooooboobOoboooooooboooooo?

DDDDDDDDDDDDDDDDDDDD

response variable Y
] " YES!
o / O
<
oo: o
N ’l’
[e]¢] gg,—b’

o seEEeTT =0 | 1

05 1.0 1.5 2.0
o xXr

explanatory variable

e JUDODOOODLDOODODOOODO
e JUDOOODODOOOLOOODO
e JUDOOUODDLOOOOLOOODDOODOU
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3. 00: 0000 (dice)DOOODODODODO

Probability distributions as parts of model

ROODODOOOoOooOoOoO

kubostat2015b (http://goo.gl/76c4i) 000000000 2015 (b) 2015-07-08 10 / 52


http://goo.gl/76c4i

O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

Oooooodd. dddddoddd R
http://www.r-project.org/

00000 OsO0U0O0U free software
LAO00o0ooooooon
cO0oooon

S0 onooood

- Rstudio http://www.rstudio.com/
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Probability distributions as parts of model
REtET V] & Ah
[¥RETEST L Ajo\?

EATSIRETENTICHNTE

Rt ETILMERTINTVS
BRICLOTT—HEINEBERES
BRI 3HICIEFSND
cERDHNERNLIBRTHD, <

ropmrores 3T —HICHONBES5DTERIRT

s e DERTH B

T —HEETIWNEMILDIBFDODE

BRERINTVT, ETILRT—FI(C

ENCSVRLHTEEODTVBINE

EENCFHMAITE S
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

(Y JO00ETETIVL] EEX LD

> load("dice.RData")

> length(d) ‘ ) -* -
[1] 1000 0/‘\
> table(d) . 0
d

1 2 3 4 5 6 N4
191 155 159 181 151 163 ‘
> plot(1:6, c(table(d)), ylim = c(0, 300))
> abline(h = 1000 / 6, col = "#ff400080", lwd = 3)

2 %g}_g
S |1000E Y+ OO0 o1z

c(table(d))
150

1000/6 = 166.66...7

4 5 6
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(3101 OEXRSME?

Categorical Distribution -

nFdURILSHR /o -
Y

p(Y =k) = ps 26 g
p :]_
k=1 *

ke{1,2,3,4,5,6)

a5
] 232 P3 : Z?S [1000@Y IO o
P, Dy Dgrovoss - 166.66.. .2

250

c(table(d))
150

T T T T T T
1 2 3 4 5 6
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o —
N d

; Y~
BEDATDIISA—5—(F {p}

= = —,/ =
BABER | oapwres

ko 1000

> table(d)
d

1 2 3 4 5 6
191 155 159 181 151 163

s
- Py Dy . Ps |gpemvraosor
1Dy Py DPgrovoss - 166.66...7

250

c(table(d))
150

T T T T T T
1 2 3 4 5 6
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

(O JODHEETETIV] [CTEBCE

NS X—5 —DIEE
~ k OB TZEIE

ko 1000

> table(d)
d

1 2 3 4 5 6
191 155 159 181 151 163

sy
P, D3 . Ps ppomvraosorn
1000/6 = 166.66...7

250

c(table(d))
150
=
.—l
=
IS
S
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

(O JODHETETIL] [CTEBCE
ALERE

L]

D
> v.prob <- table(d) / 1000 /0 - >
> replicate(8, table(sample(1:6, 1000, ©®
+ replace = TRUE, prob = v.prob))) 8 @

[,1] [,2] [,8] [,4] [,5] [,6] [,7] [,8]
185 201 174 202 179 193 198 197
156 159 158 164 160 141 154 151 @
173 161 195 180 177 153 147 173
176 171 173 177 189 174 200 190

147 157 152 139 138 171 122 130
163 151 148 138 157 168 179 159

1
2
3
4
5
6
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Probability distributions as parts of model
M JOOMEET IV (CTESRCL

N\
¥ <.
> # B4 130 1000 ES\DZE 1000 [P35 /' * 0
> sim1000 <- replicate(1000, )
+ table(sample(1:6, 1000, replace = TRUE, N
+ prob = v.prob))) -
>#5 KDE 6 "B THEHIT?
> sum(sim1@O0[5,] > simle00[6, ]) @
[1] 247

> # 3 KDE 4 HBLTHEHIT?

> sum(siml1000[3,] > sim1000[4,])

[1] 111

>#5 K1) 6 NBLIEEIC,3 £DE 4 "B TREHT?
> sum((sim1000[5,] > sim1Ee0[6,])

+ * (sim1000[3,] > sim1000[4,]))

[1] 35
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

[T JO0FKETETIV] ICTEDBL
:E}JDE?R’V\D@EE / -*

IO 8
EFILER 7—5 ¥ A
EFIVT: p BFANTHELW ~

EFN2p BT NTRED  rzmr | o)
EFILEED

250

1000l J0.5 o
1000/6 = 166.66...7

c(table(d))
150

4 5 6
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

[T JO0FKETETIV] ICTEDBL
T )LIERPRE

RETE ISR E EFIL ER=2IC
I pki)fj'&’c%b\,\ ﬁﬂ]—ciﬁﬁg D
N

] p>0.05 57

€ MAEEXMH0] &

T | BRI BOMRELL

c(table(d))
150
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O0: 0000 (dice) DODOOOOOD Probability distributions as parts of model

“O00nO0”oboobboboobooood

Joudgo: odogbobouobouobooboud

M JODMHETETIV] (ETEB L
INS A= —DHEE

~  k OBAHZOE
pk -

1000
> table(d)
d
1 2 3 4 5 6
191 155 159 181 151 163
N T4
$s1: Ik b, . P5 .[1000E Y v 3OS >
L
s P, 4 Dir000/6 = 166.66...2

My JODMETETIV] (ETEB L

il /4_‘\
> 4 P10 1000 @HDE 1000 EP3 -

> sim1000 <- replicate(1000, L '/
+ table(sample(1:6, 1000, replace = TRUE, e

+ prob = v.prob))) N

>#5 &% 6 NS THEMII?

> sum(sim1000[5,] > sim1000[6,]) @
[1] 247

> # 3 &% 4 HBTHENIE?
> sum(sin1000[3,] > sim1600[4,])
[1] 111

2 o

kubostat2015b (htti; 8 //oo

g8
000000000 2015 (b)

M JODMETET IV [ETEB L

EL;&Z%E K_-\
> v.prob <- table(d) / 1000 ‘wO - P9,

replicate(8, table(sample(1:6, 1000,( ® /
replace = TRUE, prob = v.prob))) \& @0 /
N

+ v

0,11 [,2] [,3] [,4] [,5] [,6] [,7] [,8]
185 201 174 202 179 193 198 197 (

156 159 158 164 160 141 154 151 P
173 161 195 180 177 153 147 173
176 171 173 177 189 174 200 190
147 157 152 139 138 171 122 130
163 151 148 138 157 168 179 159

X

XTSRRI

My IODMETETIV] (ETEB L
EFTILBIROIEE
EFILBIR

EFIWp AFRTHELL

EFI2L p NTRTRAS

FF877] OFL
EFIVERD

. |1000EY T30S0
2015-07-08 21 / 52
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. Uull: dgouoobuouad

gogboobogoobobooooon

ROODODOOOoOooOoOoO
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a simplified data set, easy to understand

oboobooooooouooboooodd

r

gb:00o0oogooogoobooobogog

gbobobobobobobobobobob......
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O0: O0000O00000D0 O00oooO0O00O0OO0O0oOO0O0O0oO0

number of seeds per plant individual

000000 (0D0)oooooooood

00000000000000
0000000000000 _ des,

[ )
0o 000 y
0O 5000 00 {y¢}000O0ODOO!
i€ {1,2,3,---,50} {vit ={y1, 92, -, ys0}
r

00000 {y} 0000 ROODODODODOOODOODODO

goooooboooooood
> data

[11 2246452312043333427243334
[26] 3 753176465247226245451323
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O0: O0000O00000D0 O00oooO0O00O0OO0O0oOO0O0O0oO0

apply table() to categorize data

ROODODOOOOODODODOO

‘l 0 table() 00000000000 OCOOO0O

> table(data)
0O 1 2 3 4 5 6 7
1 311 12 10 5 4 4

(000 50 500000060400 ... )
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O0: O0000O00000D0 O00oooO0O00O0OO0O0oOO0O0O0oO0

start with data plotting, always

goboobooboooboooodoad

> hist(data, breaks

Frequency
? ? %0 1?

4
|

kubostat2015b (http://goo.gl/76c4i)

= seq(-0.5, 9.5, 1))
Histogram of data

goooooboooooboobon
ogoo o ood

[ I I I |
0 2 4 6 8

data
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O0: O0000O00000D0 O00oooO0O00O0OO0O0oOO0O0O0oO0

How to evaluate mean value using R?

> mean(data)

[1] 3.56

> abline(v = mean(data))

Hist_og ram of data

— (L 000oooooooooon
oooOo oooo!

Frequency
P e P

4
|

”

data
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O0: O0000O00000D0 00000 O000OO000O0000000

statistics to represent dispersion

goooobooonon

sample variance

oboooob obooboo boooboobooboooboob: ooobo

> var(data)

[1] 2.9861
sample standard deviation
gooooo DDDDDDDDDD(SD:\/VaI‘iance)
> sd(data) o Hisﬂqram of data
ooooooog
[1] 1.7280 ] 00000000: 000000

ooboooooobo.-0ooobooo

> sqrt(var(data))
[1] 1.7280

Frequency
i

4
1

data
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00000000000 probability distribution, the core of statistical model

4. 0D000oooobood

probability distribution, the core of statistical model

ooboobooboooooboon
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probability distribution, the core of statistical model
Empirical VS Theoretical Distribution

goobtootuoboob gboug od
‘000000070 0000 (foooo) O
Jobdbotboooboobono ooad

[ JOOWHETETILL [CTEBCE
INS A= —DHEE

A~k OENEHEER
b, = ——7—

1000
> table(d)
d
1 2 3 4 5 6
191 155 159 181 151 163
2] RBF—5
g5l 132 p; . —79)5 .|1000E Y ¥ IO5 012
S Dy DPgroooss - 166.66...2

1 2 3 4 5 6

16
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goooooooooo probability distribution, the core of statistical model

empirical distribution

“Oooobooo” g ooon

> data.table <- table(factor(data, levels
> cbind(y = data.table, prob = data.table / 50)

Histogram of data

N 0

s & 1

g= o 2

52 3

u: | 4

- 8| 5

o 5 4 & B 6 2 4 & 8 10 6
data y

7

8

U O0OO HDODODOODO O O00O0 4

10

oo ooogd

s ‘000Db00ODbObOO”bOODbOODO
‘“O00b0”"Db0bOobOobOobOoboo

kubostat2015b (http://goo.gl/76c4i) 000000000 2015 (b)

0:10))

y  prob
1 0.02
3 0.06
11 0.22
12 0.24
10 0.20
5 0.10
4 0.08
4 0.08
0 0.00
0 0.00
0 0.00
2015-07-08
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goooooooooo probability distribution, the core of statistical model

gooobooobo «cgbo»0oboobgg......

.O0ddooooodgoooog?
.00d y={0,1,2,---} 0000000
ODooodooooodgogno:?
LO00Oonon

{po.p1, D2, -+ s Do9, P10, -y 1O ODODO?
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goooooooooo probability distribution, the core of statistical model

oo0oobooboOobobooooobooboobobooooo?

LAdo0uouooooooon “gog”
0o

U’ ououogn

Aduobouboubououboubouodn
O (Oooobooooooo)
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goooooooooo probability distribution, the core of statistical model

Mathematical expression of the Poisson distribution

0000 (DoO000O0)00oooooogoo

probability
oododyoog 00 0O000000000OO00000O0od

factorial

eyl y0d OO O0OODODODO401x2x3x40000000
god

e exp(—A) = e 000 (e= 2.718---)

e JODOODODOODLOODDOODLOODDOODOODLDOO
vbob0—000o0oboooobooooboooooooooon
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goooooooooo probability distribution, the core of statistical model

the Poisson distribution

Dooboooooboooooo?
00000 ROODOOODOO

>y <= 0:9 # 000000 (oooo)
> prob <- dpois(y, lambda = 3.56) # 000000000000
> plot(y, prob, type = "b", lty = 2) > # cbind 000000
= ° > cbind(y, prob)

ST e, OO0 (N DO1Bs6000 y prob

9 : “ Poisson disfribution 1 0 0.02843882

a° ° 2 1 0.10124222

S . 3 2 0.18021114

8 | ' 4 3 0.21385056

L e 5 4 0.19032700

§ T T T T — 6 5 0.13551282

(R 7 6 0.08040427

8 7 0.04089132

9 8 0.01819664

10 9 0.00719778
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goooooooooo probability distribution, the core of statistical model

the Poisson distribution represent data?

goboobooboooboooodoad

Histogram of data

o\

o

8 lIO 12
|

'
’

Frequency
°

4
|

0 2
L |
o
o
o

> hist(data, seq(-0.5, 8.5, 0.5)) # O0000000000
> lines(y, prob, type = "b", 1ty = 2) # JO00O0O0OOOOODOOO
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goooooooooo probability distribution, the core of statistical model

Ooooobo AxODODOOOoOoODOoOO

y6{07 17 27
oo

kubostat2015b (http://goo.gl/76c4i)

prob
0.00 0.05 0.10 0.15 0.20

oo x0OOOoOoooooooooooooo
goopooogoo axbcogoax>od
ooopooooooD: A=00 =00
,oco} 0000000000 yOOOOOODOOO 10

oo

S ply [N =1

y=0

000000000 2015 (b)

> # cbind 000000
> cbind(y, prob)

O 00 N O O W N

[N
o

<

© 0 N O U WN = O

prob
.02843882
.10124222
.18021114
.21385056
.19032700
.13551282
.08040427
.04089132
.01819664
.00719778

O O O O O O O o o o

2015-07-08
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probability distribution, the core of statistical model
Do0dooooooooooooo?

00000000000 0000000D0000O:
.00000000000 0 {0,1,2, ---}000

count data

ooooooooooooooooooond

cy, UUOOUOOOUOLOOLDLODDObDbODbODbLDDbDbODOD
odnd

mean = variance

oo oobbuooobb gad
. ooooooo
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goooooooooo probability distribution, the core of statistical model

A changes the shape of distribution

OooooooO Ax000004d

AVexp(—\)
py | A) = , A
y:
8_ lambda
a 3.5
7.7
3_ = 15.1
=
8o
S_F:_ a""n
o - [
8 “u
o - =
o a?
C{adtamnnt XYVYYY
o I I I I I
0 5 10 15 20

y
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goooooOo0OoOoooo O gooo O0ooooooooooov?

maximum likelihood estimation of parameter \
00O00000O

o. OO OOLUOOOLUOobLuooonnd

OO0DoO0bOOoboooooog?

“fitting” = “parameter estimation”

gobooboooobooobooon
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O00oOOoooOoOoooOoo oooo ODoDooooooooooo?

ooo

00 (likelihood) OODOO?

maximum likelihood estimation ooo

goooo gobbooooboobooboobo
gbooobooan

gooogoobooboobobooboobobon

00ddoooooooooo xooooooooooo
goodness of fit
Oo0ooooooooooooono xoooooao

00000000000 30000000000
{y1, v, y3} = {2, 2, 4})000000000000000000
0.180 x 0.180 x 0.19 = 0.006156 00000000
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O00oOOoooOoOoooOoo oooo ODoDooooooooooo?

likelihood L(\) depends on the value of mean, A

00 L(\) 0000000 A000

obobooooo:

L(\) = (p0 200000)x (yp0200000)
x - x (ys00 300000)

= p(y1 | A) xply2 [ A) x p(ys [ A) x - xp(yso | A)
AViexp(—A)

= Hp(yi | A) = HT
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O00oOOoooOoOoooOoo oooo ODoDooooooooooo?

evaluate not likelihood, but log likelihood!

goboobooooooouoon

gooon 00o0o00ooooooUo (oo
oool)

0000000000000 00000ooooO0 (log likelihood
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A changes the log likelihood, i.e., goodness of fit
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seek the maximum likelihood estimate, A

Oooooooooo Ax0000

D000 logL(A) =3, (yilogh — X — > ¥ log k)

log likelihood
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- 00000 (ML estimator): . v;/50
. 00000 (ML estimate): A = 3.56 0 00
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no one knows “the true \” based on finite size data
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the functions of statistical model

6. UOOoOoooadag

random number, estimation and prediction
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estimation
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prediction
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probability distributions appeared in the class
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The development of Llinear models
eetimation

Hierarchical Bayesian Model MCMC
Be more Generalized Linear Mixed
flexibl
e Model (GLMM)
MLE
Incoporating 1 H
o Generalized Linear
such as individuality~~ Mode | (GLM)
Always normal MSE
distribution?
That's non-sense! Linear model
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The next topic
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Poisson Regression, a Generalized Linear Model (GLM)
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