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ooo

agenda

OO0000o000 I

O NOOODO kOOOOOO”00O0O0DOO

count data or categorical data with upper bound
gooobooobbodo
logistic regression
UL DOUOUOOouDbDO
0000 binomial distribution O logit link function

interaction term

eUulidooooooDbD booo

complicate terms in linear predictor

gbobooooobgooo

NO Sgg: statistics!

elC000UODOOO!

use GLM with offset term
000000 offset OO
GLM is not enough!
@GLMIOOOODODODoDOoonoooo

overdispersion data
oooooooooooo!
overdispersion caused by individual differences

e 0 O O O O 0O O
gboooboooobooboooooobooo
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ooo

agenda
OoOOoOOoO0oOO0O0O0O II

Genralized Liear Mixed Model

eoLUOOOOOoOOoOnO

parameters for indviduals
gobooooooooboooooon
Maximum likelihood estimation for GLMM

euiiouuoboobooouobon
oo 0booboobooobg

Real data are ... harder!!

@euUuiiooooooooooboo
ugbogbogoboobgbooobod

(A) 00DO0DO0OOf =0  (B)DODODOOf; =T0

8 9 1‘0 1‘1 12 8 9 1‘0 1‘1 1‘2
0000000 = 0000000
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Jobodbootdooubotobotdboogbodn

gobobooood

e U0O: 0000
e JOUDO: 0000
e 2012-05-18 U O

kubo (http://goo.gl/mDYZzP)

ooo

http://goo.gl/Ufq2
gooooooo 6e-7roogo .

T =B DIDHD
maEtE 7T I 7 A

—ReALMBE T - BB~ A KT - MCMC

AR

goooooooo! 2015-01-21
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ooo
statistaical models appeared in the class

Jobotuoooooooouod

BEETIORRE
WEETEAE
fEENRA XETIL eMC
E;&
) BB RAETIL
RILHETE X
{%%-17%)1?%
ORI E T
Eiﬁﬁ?ﬁu%& RANZFEE
P2 NS EFIL
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ooo

Do0oOo0ooooooo?

Generalized Linear Model

00000000 (GLM)

000000000 (logistic
regression)
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how to specify GLM
O0doooodoog

Generalized Linear Model
00000000 (GLM)

probability distribution

L I I

linear predictor

.OOoogo?
link function

.O00oCooo?
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how to specify Poisson regression model, a GLM

GLM OO0OOOODOOOoOoobOoooooooono

Doooddooon
probability distribution  Poisson distribution € of,/';
OO O:00uggn i
linear predictor

ODDDDDIG.g.,Bl—FBQI'i

link function log link function

U oogogg
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how to specify logistic regression model, a GLM

GLM O00000O0OOlegisticOOODOOOOOO

o]
©;

Jogboobooboobogod

probability distribution blnomlal dlStI"lbllthH
e L oo: O o o O

linear predictor
L] |:| |:| |:| |:| |:| eg, 51 + /82332 - 8 s 10 11 12
gpoobooog a

link function

.O00000: logitDODOODO

<

o~

BN
|
|
|
|
|
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“NOOOO koooooo ooooooo el sRsEsRsNsRsls il

. *NODOUOO k000oooogr’oogg
oo

count data or categorical data with upper bound

gooooooogodan
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“Noooo koooooo’ oooooon  sEsEsEslslsRsNsRslslisls

oo0oooooa? ... goouogn

seeds alive
O0O00D000OyODO OOOO OOO! ...00O0000
ad s

oooono N;=8

[ JOX N©)
CeO0O0

00000 v =3

0000 (alive) O e
0000 (dead) O o

googd «;
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“NOOOO koooooo ooooooo el sRsEsRsNsRsls il

Reading data file
Oo0ooooooood

datada.csv 0 CSV (comma separated value) format file 0 0 0O
ROODODDODODOOODDODDODOOOOO:

> d <- read.csv("datada.csv")

or

> d <- read.csv(

+ "http://hosho.ees.hokudai.ac.jp/ kubo/stat/2013/fig/binomial/datada.csv")

0000 40000000 data frame (0000000
O0)0000o0nd
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“NOOODOO k000000 0000000

data frame d OO 0O

> summary(d)

Min.

1st Qu.:
Median :

Mean

3rd Qu.:

Max.

N

o 0 0 0 0 00

y
Min.
1st Qu.:
Median :
Mean
3rd Qu.:
Max.

kubo (http://goo.gl/mDYZzP)

0 0 U1 OO W O

.00
.00
.00
.08
.00
.00

Min. :
1st Qu.:
Median :
Mean

3rd Qu.:
Max.

oooooooo!

7.660
9.
9
9

338

.965
.967
10.
:12.

770
440

R MEre M mEeoM Tedl MaRe TR MRl MR
oooocoOooooooao

C:50
T:50
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“NOOOO koooooo ooooooo el sRsEsRsNsRsls il

gobodboodoooogn

> plot(d$x, d$y, pch = c(21, 19) [d$£f])
> legend("topleft", legend = c("C", "T"), pch = c(21, 19))

oo—oC ° 0EMOOOEIOD® © ©
= oT ® @ ee® ® O
O 0 @® ©O W
O e ® o ® WO
] < [ooNelNe)
O ®® ® ®
Oy e e O

OeeO @O
o—u(lncool o

T T T
8 9 10 11 12

gbooobgg

fertilization effective

OooOoooOo gooogoo?
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

logistic regression

2. 000000000000

0000 binomial distribution O logit link function
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

binomial distribution

O O 0O O:NDOOOOyOoooooad

p(yIN,q) = (];]) ¢(1— )N

(M) DONDODOOOOOO000 y0O000000000000000

kubo (http://goo.gl/mDYZzP)

oooooooo!
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

logistic curve

Jodougoootdouooood

linear predictor

000000 o0dododd (z: 000000eg. 2 = Bi1 + Baxi)
1

; = logistic(z;) = ————
. gistic(z) 1+ exp(—2;)
> logistic <- function(z) 1 / (1 + exp(-z)) # OO OO0
> z <- seq(-6, 6, 0.1)
> plot(z, logistic(z), type = "1")

— 1
9= Trep({n)

Ood q
00 02 04 OTG 08 1.0

&
A

6

2 2
ooooo0 =z
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function
f1 and (s change logistic curve

Jodouoooooogd......

00000 {B1,8:}={0,2}0(A) B, =200000 4 000000000
(B)/=000000 B, 000000000

J(A) B=2000 .(B)s=0000
" " B2 =4
3 1
= 3
I:Iﬁ‘ <
N o B2 =2 fa=—1
g o I T T T T T
3 -2 1 0 1 2 3
o000 =

000000 {6,6}00000 000000000000 ¢g00<¢g<1

gooooooo
kubo (http://goo.gl/mDYZzP) oooooooo! 2015-01-21 18 / 84


http://goo.gl/mDYZzP

aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

logit link function

o logistic 0 O
1

1+ exp(=(b1 + fo))

q= = logistic(f; + fBax)

o logit 0 0
logit(q) = log

= 31 + Bz

logit O logistic O O O O O logistic O logit 0 0O OO

logit is the inverse function of logistic function, vice versa
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

logistic regression MLE for $; and (2

ROODUOOOOODOOD — B0 G000

(A) 000000000f=c0 (B)OOOOOOOO

0] O 00 00O® © 0
® ® O
o 00 @ -
o am o
Sy oo o jv—
o @m ®
(e o] AN
o o ao

© 90T T T T © T T T T T
7 8 9 10 11 12 7 8 9 10 11 12

> glm(cbind(y, N - y) ~ x + £, data = d, family = binomial)

Coefficients:
(Intercept) X fT
-19.536 1.952 2.022
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aisfsislsisishsfsisfs)sll [ O 0 O binomial distribution O logit link function

goboobodd: oobooboobooood

(B) 0OOOOOO f; =T0

(A) 0000000 f; =c0

O OO OO0, 00—

ooooOd v

1I0 1I1 1I2
000000 =

T T T T
8 9 10 11 12 8

ugboooobgn

O o-{e
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oooooooooo0 oooo  [Esisisisfsisisislsisls)s)

Interaction term

. Ubouooouooud oboud
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sannRanEEnes
ooooooooo?

=01+ Box + B f + Pax [

logit(g) = log 1 gq

.. in case that 84 < 0, sometimes it predicts ...

. T c

good

T T T 1
8 9 10 11 12

gooooogd «
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oooooooooo0 oooo  [Esisisisfsisisislsisls)s)

in today’s example no interaction effect

Jodouooooooooooogn

glm(y ~ x + £, ...) glm(y ~ x + £ + x:f, ...)
(A)D0O0O0oO0oO0oOoOoO0O0 (B)ODOOOOOOOOO

00— 00—
D
©— T C ©o— T C
O
H o <
O
O
O— o
I I I I I I I I I I
8 9 10 11 12 8 9 10 11 12
ugbooobdg « goboobod «

little difference

goboooogd
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nisfsia)uisisfskslsfl 0 00O O offset 000

NO data

Jata statistics!

4. 00000ooooo!l

use GLM with offset term
O00000 oftset O OO

an enhanced Poisson GLM

gobobboooobooo
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e E gy T oftet H
O0dooooooooooooooooono?

e 00 /OODO OOCOCOOOODODUDODUOUODOUOOUOOOO
gob oogbboboooobobooaobo

e JUODDOOO: 01000 3000 OO200 00 6000
000003 000000b0000o0b0o0oog?

e JUODODOOOODLDODODOOOOLODDO ODLDOOOOOO
00000 (Dobooooogo)

e JUODODOOOO0ODLDDOOOODLODDOOOODLDODO O
gobboooogboboboogoobo
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nisfsia)uisisfskslsfl 0 00O O offset 000

How to avoid data/data?

Oooouoggn

avoidable data/data values

e OO UOODO
probability
o O 0O
. NOOOO kO0000b0ODbO0ooooooo

use statistical model with binomial distribution

.- goooooobbbbooooogoad

indices such as densities

oo
[1: 0000 O specific leaf area (SLA) OO

use offset term! described later

O 0: offset U0 O oooooo!
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POHEEE offer £00
unfortunately, sometimes fractions appear ...

O 0O o o o o o o o

hard to avoid ...

e JUODODDOO

outputs from some measuring machines

o DUUOOODLbLbLUOOOLODLDbLOOOOn

sometimes we have no choice but plot data/data values ...

oDbUOOOODLbLbLUOOOLODLDbLOOOOn
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000000 offset OO0

example population densities in research plots

offtset 00O O: DO O0OODODODOOOAO

light intensity index

e JUODDOOOOODLDUOODODOUOOO x0DLO0O LDODO
gobboogn

light index

e 0DOO O {0.1,0.2,---,1.0} 0 1000000000

o ®
o ©
L

oo0000000 glm(..., family = poisson)
oooooooog ...
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000000 offset OO0

What? Differences in plot size?!

Oooooobooooooooooooo?!

e 00000 ADDDODOOOOOODDO
e 000000 =000 /JOOOODODDOOOODOOOOO
oo!
e glm() 0 offset UOODOOOOOOOODO
e JOUODOOODOOOOOODLOOOOODOO
oooooooo! 2015-01-21 30 / 84


http://goo.gl/mDYZzP

nisfsia)uisisfskslsfl 0 00O O offset 000
light index number of plants

RO data.frame: 00 Area, O O O x, O O O ¥y

> load("d2.RData")
> head(d, 8) # 0O 8 O00OO0O

Area x vy
1 0.017249 0.5 0
2 1.217732 0.3 1
3 0.208422 0.4 0
4 2.256265 0.1 0
5 0.794061 0.7 1
6 0.396763 0.1 1
7 1.428059 0.6 1
8 0.791420 0.3 1
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e E gy T oftet H
oo vs oo

> plot(d$x, d$y / d$Area)

o
0_|
—
«
o
< o |
g- :
& o
© o o 8 8 ©
m*oooogog 8
o . 8 § © o
g@ g@o o
o-40 6 6 0 O 0 0 0 O
I I I I I
02 04 06 08 1.0
d$x

gdodooodgogo ...
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e E gy T oftet H
00 AvsOOO y OO

> plot(d$Area, d$y)

O
o _|
—
[¢]
[¢]
o _|
> o)
% o O e}
O O
000 o O
Toke! GO@® O O
[eee] O
[¢] o [¢]
O COCDamO O O o
D @EDAED WO
O — @GED@MO O

0.0 1.0 2.0 3.0
d$Area

OO0 ADODDODODDODODODO yOOODOOODOO
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e E gy T oftet H
000 000 (0D0D0O0O0O0) 00000

> plot(d$Area, d$y, cex = d$x * 2)

15
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oo oooor REERERKESEEE
O00o0db 0000000000

] £ S

BHaL °

15

0.0 1.0 2.0 3.0
dSArea

e UOUODOUODOD yUOULODODODO x0OO
e UOODODODO 200000
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nisfsia)uisisfskslsfl 0 00O O offset 000

oo =00 xguooood

1. 000000000 4000 \0000 7 Yo !
00000000000: o
y; ~ Pois(\;) ol

2. 000 A000 40000000000 old

0.0 1.0 2.0 3.0

Oz, 00000 dSArea
i = Ajexp(fr + Box;)

log(Ai) = B1 4 Pazi +log(4;) 00 000000000000

0000 log(4;) O offset 0000 (00 A000)
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nisfsia)uisisfskslsfl 0 00O O offset 000

DO0o000 GLMooOooooog!

e family: poisson, U U U 000 7
e link [J[J: "log"
e OO 'y ™ x
e offset DU DO O : log(Area)

0.0 1.0 2.0 3.0
dSArea

o D0O00O z=p1+ P2 x+ log(Area)
a,b0000000O0OOO0OO

o 000000000 AOD0O log) = 2
000 X=exp(z) =exp(f1 + P2 x+ log(Area))

o JUO0OUO OOO NODOODODDODO:
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NONDED e 000
glm() OOOOO

faRZBNT 23T b LR

Fit) <- (glmX T mmstok
Y =~ X,
family =
data = 4,
offset log (Area)

) )Y VBB DIEE (BIEH)

poission(link = "log")
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AOEOE effset 000
RO ¢gim(OO0OO00O0O0OOOOO

> fit <- glm(y ~ x, family = poisson(link = "log"), data = d,
offset = log(Area))
> print (summary(fit))

Call:
glm(formula = y ~ x, family = poisson(link = "log"), data = d,
offset = log(Area))

(...0..0
Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) 0.321 0.160 2.01 0.044
X 1.090 0.227 4.80 1.6e-06
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U ILIVI WILIE Viiaes Lerimt

afsEsishsNskafsys NN (00 offset O [0
Plotting the model prediction based on estimation

Dooooooooooooooon

x=0.9

light environment

z=0.1

dark environment

0.0 1.0 2.0 3.0
d$Area

solid lines prediction
e [ O D0DegmOOOOODOOOOOD O O

dotted lines “true” model

e [ [ ODODhOUOOOUODDODDOO

kubo (http://goo.gl/mDYZzP) oooooooo! 2015-01-21 40 / 84


http://goo.gl/mDYZzP

000000 offset OO0

O000: gm0 offset 0ODOODOOOO

e JUDODODDOUOOOODLODOUOOOODO O
OOD00OD00O offset 0 DOOOODOO

e U =00 xOOOOOoooOOOOO
00 exp(00000)0000O0DOOO
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ald

MERENANENREN O (0 0000 offset 00O

Improve your statisitcal model and remove data/data values!

Do oooooouonn

avoidable data/data values

e OO OOODO
probability
o O 0O
0. NOOOO fk000000O0O0DODOODOO

use statistical model with binomial distribution

O bogogbbobooggbboboogd

indices such as densities

ouououoogay
[1: 00000 specific leaf area (SLA) OO

use offset term! Improve your statistical model!

O0:offset 000 —OO0OODOODODOO!
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GLM is not enough!
. GLMUOUOO0DUOO0oOoooooo

overdispersion data

Doooooooooog!

gobboobooooon
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VRISl MeEkeE

GLM OOOOO goooooono DDD&DDDDDDDD!
another example seed survivorship again, but ...

GLMM 000O: DO0OO0OOO0OO...00o00?!

(A)0D 000000000 (B)O 100000 z; 0 y;
ooood N; =8
e000 o] © @ ao an
Ce00
R o @ @ o
00000 5=3 35 oJo o o o o
b -
g o © o, o o
| -
qﬁ[l <+— 0O o /ﬂ‘ [ee]
=0 o o, o ® o
H ado o a o o
00 =z € {2,3,4,5,6} e o o oo
o-g aw a0 o
’ 2 3 4 5 6
number of leaves
Xq
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GiMOooooooooooooo  [eisisisisjsiaisysysfsgs)

logistic regression as usual?

“NOoogyo”OoOooob—-0oboooooboo?

number of alive seeds y;

Dodooodoodnonod oo @ o
probability distribution binomial diStribution v?: 000 /:// ; °
e U : 0 0o 0o O Nf;;zf
linear predictor w0 o o o
-00000: By + Pox; [ s e S

link function number of leaves x;

.O00000: logitDODOODO
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GL doesn’t work! |
GLM 0ooooooooooog!

underestimated Bo Not binomial!
(A)OO B, 00000 (B)DOOOOOOODODOO!
oo o o o af °] 2,=4000000 y
<9) @ am oo O
s e olo J o /N
<3S ° °
E O o o
?;D o o O \
2 o O mqo o O
E O / \
2\3 ] o ® 0
20 O / O\
g - o o o
é’l:l /. .\
o e® hd
T T T T T
0 2 4 6 8
number of leaves gooood Yi

D{L‘i

coouoonooood
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OO00oO0OO0OO0000O0O0O0000000

overdispersion caused by individual differences

6. O O 0O 0O 0O 0O 0O

goboobotoobgobuoobooon

unobservable differences

Oooooooooooo?
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ooo (overdlspersion) oooo?

= 1I”'liliilz::

(A)Dooooooooooooo

o — Not or less overdispersed

—

°
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GLM does not take into account individual differences
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Almost all “real” data are overdispersed!
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Genralized Liear Mixed Model
U000 oooodood

parameters for indviduals
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a numerical experiment using random numbers

obooboooboooouoouoouoon

# defining logistic function

logistic <- function(z) { 1 / (1 + exp(-2)) }

# random numbers following binomial distribution
rbinom(100, 8, prob = logistic(0))

# random numbers following Gausssian distribution
rnorm(100, mu = 0, sd = 0.5)

r <- rnorm(100, mu = 0, sd = 0.5)

# random numbers following ... 7

rbinom(100, 8, prob = logistic(0 + 1))

V V V V V V V V V
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fixed effects random effects
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Generalized Linear Mixed Model (GLMM)

linear predictor

OO0 Mixed D OOOOO: By + Box; + 14

. fixed effects: 5, + Box;

. random effects: +r;
fixed? random? OO O OO0O...... ?
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global parameter, local parameter 0 OO OO 007

Generalized Linear Mixed Model (GLMM)
00000000: By + fox; + 7

. fixed effects: B, + Box;
« global parameter — OO 0O 00O

00000000 s O global parameter
. random effects: +r;
e local parameter — 00 ¢ 0O OOOO
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Maximum likelihood estimation for GLMM
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local parameters: {ry,r9, -+, 7100}
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saturation model

goooug oooogooogg

> d <- read.csv("data.csv")

> head(d)
Nyxid
1802 1
2812 2
3822 3
4842 4
5812 5
6802 6
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1 112
p(rils) = 5 &P ( 232)
likelihood to remove r;
oo .0 o o r, 000
Li= [ plulB po.rs) pirds)ar,

likedhood for all data
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global parameter [1 local parameter

Generalized Linear Mixed Model (GLMM)

linear predictor

OO0 Mixed D OOOOO: By 4 Box; + 1

o global parameter 00000000

. fixed effects: 5y, B,
U0 dgdd: s

e local parameter 000000000
. random effects: {r{, 79, , 7100}
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glmmML package 0000 GLMM 000

> install.packages("glmmML") # if you don’t have glmmML
> library(glmmML)
> glmmML (cbind(y, N - y) ~ x, data = d, family = binomial
+ cluster = id)
> d <- read.csv("data.csv")
> head(d)
Ny xid
1802 1
2812 2
3822 3
4842 4
5812 5
6 802 6
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estimates A

GLMM 0000 : Gy, 5,8

> glmmML(cbind(y, N - y) ~ x, data = d, family = binomial,

+ cluster = id)

.(snip) ...
coef se(coef) z Pr(>|zl)
(Intercept) -4.13 0.906 -4.56 5.1le-06
X 0.99 0.214 4.62 3.8e-06

Scale parameter in mixing distribution: 2.49 gaussian
Std. Error: 0.309

Residual deviance: 264 on 97 degrees of freedom AIC: 270

By = —4.13, By = 0.99, § = 2.49
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prediction
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summary

GLMM 00O

gobbbooogbbbuoooobbbdoooobbodgo
goboboooooboo

000000000 random effects DO DO OO OO

gbooobonbD —DbOoO0oboOoO global parameter U local
parameter OO O OOOOO0O

e GLMM OO global parameter 0 O 0 OO 0O O — local
parameter O 0O 0000

local parameter 00000 (eg. 000 +000)0000
gbogooboobobbo —Doobog ...
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Real data are ... harder!!

S . b odboodboodood
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How to model the nested structure of data
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e plot(d$id, d$y, pch = as.character(d$pot), ...)
e JO0O0OOODOO ODODODLOOODO?
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® plot(d$pot, d$y, col = rep(c("blue", "red"), each = 5))

e J00IOODO randomeffects 00O OODODO ooooad
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The development of Llinear models
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Hierarchical Bayesian Model MCMC
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Always normal MSE
distribution?
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GLM: 000000000 oOoo

> summary(glm(y ~ f, data = d, family = poisson))
(@)
Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept)  1.8931 0.0549 34.49 < 2e-16
fT -0.4115 0.0869 -4.73 2.2e-06
(0O ...

e J000DOOO (f)DODDDOOODDOOOODOOY
e AICOODOUODOODOODODODODLO

kubo (http://goo.gl/mDYZzP) oooooooo! 2015-01-21

79 / 84


http://goo.gl/mDYZzP

poooooodoooooo  [Eeisisisfisisisfsisisfsislisysialsials

GLMM: 0000000000000 DOO0O

> library(glmmML)
> summary (glmmML(y ~ f, data = d, family = poisson,

+ cluster = id))

@
coef se(coef) z Pr(>lzl)
(Intercept) 1.351 0.192 7.05 1.8e-12
fT -0.737 0.280 -2.63 8.4e-03
SO

e JOODOOO?

e JO0OOODOOOODDOOODO?
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e 0O0DOD log(\) =a+bfi+ (000)+(0D0ODOO)
e 000D0OODO
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WinBUGS 0000000 0O0OD0DOROOODDOO

<ubo/public_html/stat/2011/Cé/example1/model.bug.txt", fit using WinBUGS, 3 chains, each with 9000 iteratior

115 2+

80% jnteryal for egch chain R-hat medians and 80% intervals
4 2 0 24
a —T=

gigmam .

I
o
o -mw

sigma s
o 1 4
05y,

4
2 LRI ¢+ > ¢

. CLI T UL ALY

r O T M T e
4

12345678910 1214 16 18 20 22 24 26 25 30 32 34 36 38 40

+
‘N‘*m 4

12345878010

3
deviance,
36

p—

4 2 0 2 & 15 2+ 34
* array truncated for lack of space
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00000 (000000 b)) 0000O0?

00 01 02 03 04 05 0

T T
4

T T T
0 100 200 300 8 2 4 0 1
lterations N =400 Bandwidth = 0.1747

5
&
8

> print(post.bugs, digits.summary = 3)

L@

mean sd 2.5% 25% 50% 75%  97.5%, Rhat n.eff
a 1.501 0.529 0.482 1.157 1.493 1.852 2.565 1.032 240
b -1.016 0.706 -2.436 -1.476 -0.993 -0.565 0.395 1.019 450
sigma[1] 1.020 0.114 0.822 0.939 1.014 1.089 1.265 1.004 510
(@M.
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