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agenda

oo I

a simplified example
@U00:0000oooooon
Ooooooooooooooooog

®@Looooooooono
probability distribution, the core of statistical model

dooooboooooooooon
the Poisson distribution
® Uuoooooooar?
ooooooOooooooooooo

maximum likelihood estimation of parameter A
gooooooo

® (000000000O00bO0o00 oooo
coooooooooogoo?

the functions of statistical model
(5) pooooogo
random number, estimation and prediction

ooooboooon
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statistaical models appeared in the class

obooouobougbogoodgad

The development of Llinear models

parameter
estimation

Hierarchical Bayesian Model MCMC

Be mgre/&Generalized Linear Mixed

flexibte Model (GLMM) e
i;ﬁjgﬁ':};ggts /& Generalized Linear
such as individuality~~ Mode l (GLM)

Always normal MSE
distribution?
That’ s non-sense! Linear model

Kubo Doctrine: “Learn the evolution of linear-model family, firstly!”
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oooooo

suppose that you have a “count data” set ...

00,10,20000000000

0000000 (ye{0,1,2,3,---}0000)

©— o

e JUUD zO0OO0ODLDOUOOOOyOOOOLODODOO
e JO0OO00OO0ODOOODOODOODODOODOODO......
e JO0OODOUODODODOODO?
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oooooo

the normal distribution sucks!

gooooboooooon ... ooooo?

ggbboboooobboboooobn

Yy o
o] ° \ '
o o .
e T Y B e
_.--°% °ooooooooooooooo
D Sl 000000000000000
e oo o ..00000000000000
e >90e SO T 1
T B 1.0 15 2.0
o] T

e JO0O0OOODODODODLOODODOO?
ey OO O0OOO0ODODODO
e JOOOODOODO?Y

kubostat2013b (http://goo.gl/82dgC) 000000000 2013 (2) 2013-07-03

6 /37


http://goo.gl/82dgC

the Poisson disribution approximates data

Oo0o0odoboooboboooboboooo?

DDDDDDDDDDDDDDDDDDDD

Yy
i :, YES’

==

05 1.0 1.5 2.0
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O0: 00000000000 0o0o00o0O000000000000

a simplified example

2. 00: 00000000000

oooobboooooobooaad

ROODODODODOOOOOO
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a simplified data set, easy to understand

obootbobouobouobogoooonod

r 4
00:0000000000000000

gboobgoobobboboobooboon......
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number of seeds per plant individual

000000 (0D0O)0ooooooooo

0o0000ooooooon
Ooooo000ooooooo Sh

00 000 y
0O 5000 00 {y¢y0000DO!
(&S {172*3~ 5()} {yl} - {ylay‘z-/"' 7:lj50}

00000 {y, 0000 ROODOOODOOOOOOO

goooogooogoooog
> data

(11 2246452312043333427243334
[26] 3 753176465247226245451323
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apply table() to categorize data

ROODOOOOOOOOOO

O tableO ODODOOOOOOOOODOODOODO

> table(data)
0O 1 2 3 4 5 6 7
1 311 12 10 5 4 4

(000 50 500000060400 ... )
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00: O00DOO0O0oOoO0o O0000OO000O0O0O0O0OO0O00O000

start with data plotting, always

dobooobooooouobouao

> hist(data, breaks = seq(-0.5, 9.5, 1))
Histogram of data

| [ DObOooodooooodd
oooo o ooo!

10

Frequency
4 EIS 8

-

I T T T 1
0 2 4 6 8
data
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00: O00DOO0O0oOoO0o 0000o0OO0O000OO0O0oOOoOooOoO

statistics to represent dispersion

Ooooooooon

sample variance

googob gbbdg bogbboobboob: ooogd

> var(data)

[1] 2.9861
sample standard deviation

ooooon 0000000000 (SD = variance)

> Sd(data) ~ Histo_gram of data
- 0oooooo
[1] 1.7280 ] 00000000: 000000
& ] 00000000: 000000
> sqrt(var(data)) S o
[0}
[1] 1.7280 “:

Ata
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oooooooooon : goo0oo00ooO0oO0OoOoOoooo

. U00uooguooouod

probability distribution, the core of statistical model

Jooooouoooooooon

PD approximates variety of data

gobbboooobboboooonbon
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ooooooooooon : O000OO0O0DOOoOOoOoOOO0

the Poisson distribution

ooooogoggag?
00000 RODODOOOOO

>y <= 0:9 # 000000 (OoOO0O)
> prob <- dpois(y, lambda = 3.56) # JOO000O0OOCOOOOO
> plot(y, prob, type = "b", lty = 2) > # cbind 000DODO
° s > cbind(y, prob)

iy o o OO (N)DO|356000 ¥ prob

| // "\, Poisson disfribution 1 0 0.02843882

8. Y 2 1 0.10124222

851 ° I 3 2 0.18021114

1/ 4 3 0.21385056

o % 5 4 0.19032700

S B 6 5 0.13551282

o2 4V 6 8 7 6 0.08040427

8 7 0.04089132

9 8 0.01819664

10 9 0.00719778
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ooooooooooon : O000OO0O0DOOoOOoOoOOO0

the Poisson distribution represent data?

dobooobooooouobouao

Histogram of data

1O

10

]

Frequency
4 £|5 8

|
D

2
1
O

0
1

> hist(data, seq(-0.5, 8.5, 0.5)) # J0D00000OODOOO
> lines(y, prob, type = "b", 1ty = 2) # 000000000 OOO
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ooooooooaoz? ooo0oO0o0O0O0000000000

the Poisson distribution

4. 000O0O0ooOooa?

obooobooobtoooooogd

Parameter changes the shape of probability distribution
O00oooooooooooooon
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Mathematical expression of the Poisson distribution

obooouobougbogoodgad

probability
goono yooo HEN gddooodouooouooooo

AVexp(—A)
Py | A =—"T7—""
y!
factorial
ey 0y OO0 0000004 01x2x3x400000
gooond

e exp(—N) =000 (e=2718--)

e JUODDOOOOODLDOOOODLDDDOOOODLDODOOO
gobbbuod—0oobboooobobbugooboooo
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Paramter )\, the mean of Poisson distribution

> # cbind DOOO0OO
- S > cbind(y, prob)

0.20
o

prob
.02843882
.10124222
.18021114
.21385056
.19032700
.13551282
.08040427
.04089132
.01819664
.00719778

Il
~

prob
0.‘10
0.

0.00
]

oo xDODOOooooooooooooooo

<
© 00 N O O WN

00000000 ADOOO0M>00
000000000: A=00 =00
ye{0,1,2 -+,00} 0000000000 y000000000 10
0o

© 00 N O U WNN =P O
O O O O O O O O O o

[
-
o

doplyl N =1
y=0
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In case that you use the Poisson distribution ...

Jooddooooooooooo?

gboobogoobbbouoooobobbuoooon:
e J00DDODOOUODDDO ywO{0,1,2, ---}0000000

count data

gobbbooooobboooood
e y, UOUODDOOOODLDDODOOOODLDOOUOOODLDD

mean ~ variance

e JUUODDOUOOOOODLDDUOUOLODLODOD

e OO DOUOOOOOOOODOUIOOLOOODODbOUODOOOnO
oooooooo
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A changes the shape of distribution

Ooodoog axgdoooog

— A
y!
S _O\ lambda
] / 0 35
© o Q © 77
! \‘ A 151
. ] <o
] [eXe3 <>\
_8 o ] v <o
S =] \ \
ST P ,<>\ < AAAAA
) /o v A A
! o N\ & A
] I’ / \ A \<> A
o /<> O\ A o
o o (%
g-?@AAA?AA O(|Doooo§©ooo<|>
0 5 10 15 20

v
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suppose that each data point is sampled independently ...

ool gy Uoodooooboooood

...... ooooooogr

e 0 1000DDOOO NDODDOOODODOOOODODODOODOD
—0000bo0ooog yw=2000

0020000000 NODOOOOODOOOODOOOOO
- 00000b0ob0 yw=2000

o0 30000000 A0boooobobooooobooo
- 000000000 y3=4000

e [00O0OODO—

000000 (00000000000000)
000000000000 50000000000000000
A0 3560000000000000000000000
—(0on)
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OO0oDooooOoOoooOoo oooo DoDooooooooooov?

maximum likelihood estimation of parameter A
ooooooon

. Uouoouobouoooooooao

ODoOooobooooooogry

“fitting” = “parameter estimation”

gobbboooobbboooon
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OO0oDooooOoOoooOoo oooo DoDooooooooooov?

ooao

00 (likelihood) 0O OO ?

maximum likelihood estimation ooo

goooo goboobobooooboogo
gbooobooboobooo

gobbooggbbobuoooobobboooobon

O00D0o000ooobooOo A0bDooooooooao
goodness of fit
0000Ooooooooooooo xoooooo

00000000000 30000000000
{y1, vo, y3} =12, 2, 4}0000000000000000
00 0.180 x 0.180 x 0.19 = 0.006156 00 000000
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OO0oDooooOoOoooOoo oooo DoDooooooooooov?

likelihood L()\) depends on the value of mean, A

00 L(\)OOODOO0OODO0 A0O0O

Dooboogo:

L)) = (w0 200000)x (3,0 200000)
XX (yso0 300000)

= plyr [ A) xp(y2 | A) xplys [ A) x -+ x p(yso | A)

= Hp(yz- | A) = H—Ayi e};i(_A),

i
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evaluate not likelihood, but log likelihood!

dobdobooobooboobooobougoogr

goooog (oo oh) odogooooooobbn
(ooooo))

0000000000 ooooooooooooon (log
likelihood function) 0 O O

Yi
1%Lgy:§:Gm%A—A—§:mw>
k

(2

0000 logL(A\) 0000000 L(A\) 000000000
00000000000000000 A00000000O000
00000000000000000000000000000
000000000
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A changes the log likelihood, i.e., goodness of fit

AU0000000000O0bObOOOn

lambda = 2.0

‘00\ logL=-121.9
I

e lambda = 2.4
O logL=-109.4
,

lambda = 2.8

log L = -102.0
[0} o9

lambda = 3.2
log L =-98.2
[¢)

- lambda = 3.6
logL=-97.3
o

lambda = 4.0
logL=-985

o

lambda = 4.4

2 lambda = 4.8

lambda = 5.2
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000000000 2013 (2)
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oooooooo oooo DoDooooooooooov?

seek the maximum likelihood estimate, A

OOo0o0o0o0o0O000 AO0OoOO

0000 logL(A) =Y, (yilogh — X =3V logk)

log likelihood
-110 -190

—1|20

20 25 30 35 40 45 50
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OO0oDooooOoOoooOoo oooo DoDooooooooooov?

no one knows “the true \” based on finite size data

oo Augoooooo

OO0 o0 35000

| sod0o00oooooon
1 L ... gooooo oecoonobooon
o s
S Oooo0oo AxOOoooooo
o
o_
o_

[ I I I 1
25 30 35 40 45

0Oooooooooo A

obooboboboobooo Abooboon
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oooooooa gooooooooo

the functions of statistical model

6. Dooooon

random number, estimation and prediction

Ooooobobooon

gobgooooooooon
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estimation

dooooud o

ooooooo
% 0oooo
OooO0oooooo S A=3560000000
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prediction

doooood oo
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A=350000000 e %
024y68
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probability distributions appeared in the class

dooooooouooogd

poisson distribution

000000 :yef{0,1,2,3, -} 0000000y 00
0ooooooo

binomial distribution

ooood  :ye{0,1,2,---,N}0OOOOOMNDO
000 y0OOOOOOOOOO

normal distribution

° HNERERE oo <y<oo UOOOOOOOODO
uniform gamma distributions
o IO O oooof — 00 ddgood
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you may not need so many probability distributions

dobooouoouoogoogd......
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e 000000000000 =8 i womw
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000000000000 ihesallh
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HRERERE

The next topic

o ,io
] OIII Y E S '
o o
/ M
/
/ -

oo o i
- /,
td e
oo gg,—b’
e 0000 _-60_.6 T 1
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ogbogbotgbobtdb:ogbgbd
Poisson Regression, a Generalized Linear Model (GLM)
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